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SYNOPSIS 


Fiber reinforced plastics (FRPs) consisting of strong and continuous fibers embedded 
in a polymer matrix have been in use over the last 3 decades. FRPs permit tailoring of the 
properties to have outstanding mechanical behavior such as high strength and stiffness to 
weight ratios, excellent corrosion resistance and very good fatigue characteristics. These have 
found use in a variety of applications like aerospace, mechanical, civil, chemical, and other 
industries. Because of the ability to tailor its properties, these materials are being increasingly 
used in many new sensitive applications that open new challenges and invite new 
mathematical complexities for the analyst/designer. 

The basic building block for the laminate is the lamina. The lamina is orthotropic. The 
thickness of the lamina is approximately 0.1 mm to 0.15 mm, and hence cannot be used by 
itself for carrying load. The laminae are stacked together to arrive at a laminate of required 
thickness. The laminate in general turns out to be anisotropic. 

The parameters characterizing the behavior of a composite laminate are many. Some 
of these may be enumerated as: - lay up sequence, fiber orientation, individual lamina 
thickness, inter- laminar material, fiber volume fraction, voids, curing process etc. Any 
variations in these parameters during manufacturing and fabrication result in variation in the 
behavior characteristics of the laminate. 

The effectiveness of quality control during manufacturing and fabrication of a 
component depends on the strictness of the control and the number and types of parameters 
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required to be controlled. Due to economic reasons complete quality control is not practical 
for any material. The lack of complete control is reflected as random variation in the 
component characteristics like geometrical and material properties. It can be seen that these 
variations in composite laminates are more pronounced than in components made from 
conventional metallic materials as these have fewer parameters involved in 
fabrication/manufacturing. Dispersions in composite material properties are further enhanced 
by variations in the material properties of the constituent components. On the whole, the 
material property variations for metallic materials are with small standard deviation (SD) 
while composite laminates may have large SD. 

In resin-matrix composites, the properties of matrix materials are strongly dependent on 
processing condition. The influence of processing conditions has been brought out well in 
literature. Fiber-matrix interface properties change with the processing procedure of fibers 
and curing cycle of the laminate. The strength of the fiber matrix interface plays an important 
role in determining the properties of the composites. Thus, owing to the inherent uncertainties 
involved in manufacturing/processing techniques of composites, the end product can have 
significant variations in the mechanical properties about the desired values. Experimental 
data from various sources also endorse these observations. It is important to note that the data 
from different divisions of the same company show dispersion in system properties. Non- 
standard testing methods could also be one of the reasons for such uncertainties. The 
variability in characteristics of the basic building blocks of laminates- the fibers and the 
matrix materials may add to the dispersion in the properties of the end product. It can, 
therefore, be concluded that variability in properties at the micro level is finally reflected at 
the macro-level in form of lamina properties. 

Normally, in structural analysis, the system is modeled by assuming the various 
parameters involved like mechanical characteristics, boundary conditions etc., to be 
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deterministic. The concept of factor of safety is introduced at different stages to account for 
the uncertainties that cannot be quantified. In real situation, the system parameters are seldom 
deterministic. Most of the parameters can be accurately expressed in a probabilistic sense 
only. When the system parameters are uncertain, the derived response parameters like 
deflection, natural frequencies, buckling loads, dynamic response etc. are also random, being 
function of these basic system parameters. Depending on the sensitivity of the response 
parameter to the input random variables and their characteristics, the statistics of the response 
parameters can vary. In certain structures this can cause mode localization. A probabilistic 
approach yields a more accurate prediction of the system behavior and will result in a better 
design. The risk of failure of the structures and its performance can be evaluated accurately 
by adopting a probabilistic approach. Use of factor of safety approach may work with 
metallic materials as these have small SD of material properties and the actual allowable 
stress may be very close to the mean values. However, in the case of composites, inspite of 
effective quality control in manufacturing/fabrication processes, as we normally do in 
sensitive applications like aerospace etc., the design stresses will have to be much less than 
respective mean values to account for" the widely scattered data. Finally, all these would 
negate the basic idea of weight optimization, which is one of the important parts of design 
consideration particularly in aerospace projects. 

Computer simulations of some of the proposed configurations of aeronautical and 
large outer-space installations often show closely packed/overlapping natural frequencies of 
some of the components. In such cases, even the slightest shift in characteristics of the 
components can have pronounced effect on the response of the structures. 

Considerable information exists in open literature on the distribution of ultimate 
tensile strength of FRPs. Similar information on dispersion of the elastic modulii, shear 
modulii, Poisson’s ratio etc. is limited. As mentioned earlier, uncertainties in several 
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parameters like the fiber volume fraction, fiber orientation, void volume, fiber matrix 
interface properties etc. have significant effects on the response of fiber-reinforced 
composites. The uncertainties in the factors mentioned above are in turn reflected on the 
characteristics of the lamina stiffness parameters like the longitudinal modulus, transverse 
modulus, in-plane and out-of-plane shear modulii, Poisson’s ratio etc. These can be treated as 
primary variables, since these are the basic parameters at the macro-level of the laminate that 
are usually considered for formulation of any structural analysis problem. At this stage it is 
relevant to mention that point-to-point variations of these properties over the structure 
particularly in composite made of prepegs, which is normally the case in large scale 
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manufacturing of primary composite structures, are very small. These facts have been 
verified experimentally in literature. The above considerations indicate the need for more 
accurate probabilistic approach in the analyses of these sensitive composite structures. 

Apart from randomness in material properties, there could be randomness in loading, 
geometry and boundary conditions. The external loading in engineering problems is 
influenced by many parameters that, in general are not under control and, is, therefore, 
random in nature. Some examples are, acoustic loading on aircraft fuselage, rocket and 
spacecraft panels, due to jet and rocket exhaust noise, track induced loads on aircraft during 
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ground runs, water pressure on ship and submarine hulls during high-speed operations and 
under water explosion. 

For reliability of design, especially for sensitive engineering applications, accurate 
prediction of system behavior of the structures made up of composites in presence of 
randomness in system properties as well as excitation favors a probabilistic analysis approach 
by modeling their mechanical properties and excitation as random. 

From the methodological point of view, stochastic analysis can be classified into two 
approaches. The first one is statistical approach, including the Monte Carlo simulation 
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(MCS); the second is non-statistical approach such as perturbation method, second moment 
analysis, and the local integral method. The expansion method like Neumann is another MCS 
technique, where the handling of the system matrix is improved by introducing Cholesky’s 
decomposition scheme, thus reducing the computation time required in the MCS. Usually real 
life structures are so complex that it is not always possible to analyze them with classical 
methods. Deterministic finite element method is combined with statistical approaches and /or 
non-statistical methods so that the complex structure with uncertain parameters subjected to 
random loading can be analyzed. This is also referred to as stochastic finite element method. 
In the study first order perturbation technique has been combined with classical approach and 
finite element method for evaluation of probabilistic response. Monte Carlo simulation has 
been used for validation of the results. 

The perturbation approach as applied to problems of random media is an extension of 
the method used in nonlinear analysis. Given certain smoothness conditions, the functions 
and operators involved can be expanded in a Taylor series about their respective mean values. 
This kind of expansion is applicable when the randomness is small in comparison to the mean 
values. This condition is satisfied in most of the engineering problems particularly in 
aerospace applications and hence, the approach can generally be adopted for almost all 
practical situations. The expanded forms of the terms are introduced in the system equations. 
The different order of solution can be obtained from this expanded form. These solutions can 
be combined to get the total solution of the problem as the characteristics of the response. 
The consideration of number of terms in the expanded form depends on level of fluctuation in 
the random quantity. More number of terms should be included in the equations depending 
on the magnitude of the random fluctuations. This task is considerably complicated, thus 
greatly limiting the applicability of the method. Further, secular terms appear in higher order 
expansions. These are terms for which the magnitude increases with increasing 
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approximation orders, thus causing the expansion to diverge. For small fluctuation as is 
generally the case in composites, first two terms would be sufficient. This fact has been 
brought out clearly in the present study as well. 

The Monte Carlo method is a versatile mathematical tool capable of handling 
situations where all other methods fail to succeed. The method has been known and used 
extensively in various fields such as health care, agriculture, econometrics, science and 
engineering. However, in engineering mechanics it is rapidly gaining serious attention only 
following the recent widespread availability of inexpensive computational systems. The 
usefulness of the MCS is based on the fact that the next best situation to having the 
probability distribution function of a certain quantity is to have a corresponding large 
population. The implementation of the method consists of numerically simulating a 
population corresponding to the random quantities in the physical problem, solving the 
deterministic problem associated with each realization of that population, and obtaining a 
population corresponding to the random response quantities. This population can then be 
used to obtain statistics of the response variables. In the present investigation this technique is 
used for validation of results obtained with the perturbation technique. 

The analysis of structures with deterministic characteristics to random external 
excitations is well established and has been studied for large class of problems. However, the 
structural response of panels with random material parameters to deterministic as well as 
random excitation is quite complicated and still not fully understood. This is particularly true 
for buckling, free and forced vibration of composite panels. An exhaustive survey of the 
literature indicates that a large number of publications have appeared on the subject for 
isotropic beams and plates with uncertain system parameters. However, the response of 
laminated composite panels is not fully addressed. Further, the limitation of classical laminate 
theory (CLT), first order shear deformation theory (F§DT) and higher order shear 
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deformation theory (HSDT) have been well understood for the deterministic analysis. The 
efficacies of these theories for the second moments of structural response in probabilistic 
approach are at a nascent stage and still not fully developed. The literature review presented 
also reveals that these aspects have not received adequate attention of the researchers. Some 
concrete effort in this direction is still needed. As matter of fact, these issues, which are in the 
heart of the problem, have provided the motivation for the present study. 

In the present work a comprehensive study has been conducted to obtain the second- 
order statistics of buckling loads, natural frequencies and dynamic response of laminated 
composite shallow panels of rectangular planform which can take into account the complete 
effects of shear deformations and rotatory inertia with random material properties subjected 
to deterministic as well as random excitation. Higher order shear deformation theory has been 
used to model the system behavior. The efficacies of various theories have been examined 
particularly with respect to variances of the structural response. The classical approach and 
the finite element method in conjunction with first order perturbation technique have been 
proposed for the random response analysis. The assumptions made in the present study may 
be enumerated as below: 

• The deformations of the panel are very small in comparison to thickness of 
the panel. 

• The thickness -curvature ratio (h/R) is taken to be very small, h/R« l. 
The limit of this parameter is taken to be h/R=0.2. The curvature 
parameters a/R| and b/R 2 are varied from 0 to 0.5 for two types of curved 
shallow panels, i.e., spherical and cylindrical. 

• The transverse shear stresses are assumed to vary parabolically through the 
thickness and to vanish at the top and bottom surfaces of the panel, 
satisfying the traction free surface conditions. 
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• The lateral displacement ‘w’ of any lamina is given by the displacement of 
the laminate mid-plane. 

• The lamina material properties have been modeled as random variables 
(RVs) as is the case in most practical applications. 

• Excitation is modeled as a random process in time. 

• Excitation and material properties are assumed to be independent. 

The investigations reported in this thesis have been divided into seven chapters, in each of 
which attention has been focused on a particular aspect of the aforementioned problem. 

In Chapter I, an overview of the problem has been presented. The available techniques in 
literature for addressing the problems with stochasticity are reviewed. The perturbation 
technique appears to be quite common for analyses of structures with parameter uncertainties, 
while this is not a common method in the presence of external excitations, which are random. 
In general, Monte Carlo simulation seems to be the ideal choice for checking the validity of 
the proposed techniques. At the end of this chapter, motivation and scope for the present 
study are presented. 

Chapter II includes a review of the pertinent literature available along with 
observations and objective for the present study. Literature is classified based on 
investigations related with isotropic materials and composite materials with parameter 
uncertainties subjected to deterministic as well as random loading. 

In Chapter III, a general formulation for curved panels based on higher order shear 
deformation theory (HSDT) is presented. In addition to stochastic classical approach (SC A), 
(deterministic classical method + probabilistic analysis), the stochastic finite element method 
(SFEM) (deterministic FEM + probabilistic analysis) has also been used for obtaining 
solutions in this study. For deterministic finite element analysis with the displacement field 
based on HSDT, it is necessary to employ an element with C 1 continuity. Realizing the 
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computational difficulties associated with C 1 continuity element, the derivatives of the out of 
plane displacement are themselves considered as separate degrees of freedoms (DOFs). Thus, 
5 DOFs per node with C 1 continuity element is transformed into a C° continuity element with 
7 DOFs per node. To make it suitable for C° continuity, the displacement field equation for 
curved panels has been modified for composite plates. 

From curved panel formulation, the displacement field models, equilibrium equations, strain- 
displacement relation and constitutive equations for plates, spherical and cylindrical panels 
are obtained. 

Chapter IV presents specific formulation along with SCA and SFEM for initial 
buckling analysis of composite plates, cylindrical and spherical panels with random material 
properties. As mentioned earlier, the basic formulation is based on HSDT. The randomness in 
material properties is handled using first order perturbation technique. The efficacies of 
various theories with respect to variance of buckling loads are investigated. Second-order 
statistics of buckling loads with different combinations of geometrical parameters and 
boundary conditions are obtained. The sensitivity of random material properties towards 
buckling response statistics is examined. The results are validated with that of MCS. It has 
been observed that the two results are in good agreement. From this study it can be concluded 
that FOPT is capable of capturing the almost complete response behavior statistics. It can 
also be concluded from the validation that normalized response SD varies linearly with 
normalized SD of the basic input variables. 

In Chapter V, some studies related to free vibration of composite laminates, spherical 
and cylindrical panels with randomness in material properties are attempted. Specific 
formulation based on HSDT along with SCA and SFEM are outlined. The validation of the 
results obtained using SCA and SFEM is done by MCS. The second order statistics of 
random natural frequencies are obtained for composite plates, cylindrical and spherical 
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panels. Here again, CLT, FSDT and HSDT results are compared with each other. The 
sensitivity of random material properties is examined with various combinations of 
geometrical parameters and boundary conditions. 

In Chapter VI, general formulations of the dynamic problem along with description of 
the probabilistic solution methodology based on state-space approach are presented. Standard 
deviation (SD) of transverse displacement of composite plates, cylindrical and spherical 
panels subjected to deterministic excitation as a function of time for various standard 
deviations of material properties have been obtained. Sensitivity of response to random 
material properties has been examined. The response statistics for composite laminated 
panels with deterministic material properties subjected to random excitation are also 
presented. Comparisons for mean response as well as response dispersion of plate, cylindrical 
and spherical panels with time are carried out. 

Finally in Chapter VII, concluding remarks and a broad perspective for future studies 
are presented. The classical approach and the finite element method in conjunction with first 
order perturbation technique have been presented to obtain the second order statistics of 
initial buckling loads, natural frequencies and dynamic response of composite laminated 
plates, cylindrical panels and spherical panels with random material properties to 
deterministic as well as random excitation. The results from the present approach are 
validated with that of MCS. It has been observed that the variances of the response obtained 
using the present approach and MCS vary linearly with SD of the material property. It can be 
concluded that the first order perturbation technique is capable of capturing the complete 
behavior of the response behavior in the range for the basic input variables considered. This 
is important as terms up to first order only has been considered in Taylor ‘s series expansion 
making the response dispersion a linear function of SD of material property. However, no 
such restriction regarding linearity was put in case of the MCS approach. Validation of the 
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present approximation with the results obtained from Monte Carlo simulation shows that for 
the range of SD of input RVs considered the accuracy is excellent. The nature and magnitude 
of influence of each one of random variables is different. The behavior of different theories 
with respect to SD of response is always not on the same lines as with respect to mean 
response. The stacking sequences, aspect ratios, curvature to side ratios, boundary conditions 
and thickness ratios also play important role in dispersion of response characteristics. 
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CHAPTER I 


INTRODUCTION 


1.1 Overview 

Fiber reinforced plastics (FRPs), a group of advanced composite materials consisting 
of strong and continuous fibers embedded in a polymer matrix, have been developed over the 
last 3 decades and used for a great variety of engineering applications in aerospace, 
mechanical, civil, chemical, and other industries. FRPs have outstanding mechanical 
properties, such as high strength and stiffness to weight ratios, excellent corrosion resistance, 
and very good fatigue characteristics, and are being increasingly used in aerospace structures. 
Because of the above properties, these materials open up new challenges for applications, 
which however, invite new mathematical complexities for the analyst/designer. 

Structural materials can be divided into four basic categories: metals, polymers, 
ceramics, and composites. Composites, which consist of two or more distinct materials 
combined in a macroscopic structural unit, are made from various combinations of the 
materials. Although many man made materials have two or more constituents, they are 
generally not referred as composites if the structural unit is formed at the microscopic level 
rather than at the macroscopic level. Thus, metallic alloys and polymer blends are usually not 
classified as composites. 
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Composites are generally used as load carrying members because they have desirable 
properties that cannot be achieved by either of the constituent materials name alone. The 
most common example is FRPs consisting of reinforcing fibers embedded in a binder or 
matrix material. Fibrous reinforcement is elfective because materials aie nuu h stionp.ei and 


stiffer in fiber form than in bulk form. There can be no doubt that t ibex s allow us to obtain the 
maximum tensile strength and stiffness ot a material, but there are obvious disadvantages ol 
using a material in fiber form. Fibers alone cannot support longitudinal -mpm-, i, ■ loads 
and their transverse mechanical properties are generally not so good as the • . urc ;-i>;>dia* r 
longitudinal tensile properties. Thus, fibers alone are generally not effective as '.a. ’oral 
materials unless they are held together in a structural unit with a binder or matrix material, 

The reinforcing fibers in current use are E-glass, carbon, maplim- aramid ami boron. 
E-glass fiber composites are widely used and their procession moke-sh'-m". arc highly 
developed because of the low cost. They are being used in many sttuetuies like hulls of 
speedboats, antennas, sport goods etc. where the stresses cneounteted are nut high. 
Carbon/graphite fibers have superior stiffness, better fatigue strength, low the: urn! ”■ y.ur e*n 
coefficient, and good heat resistance. Their performance is good under .mm.", .i.r as well 
as tensile loads. Carbon fibers are being widely introduced into mm-spa. ■ industry for 
primary structures because of these advantages. Kevlar riuamid; fibers have very high tensile 
strength combined with low density, high toughness, and high tensile moduli!-.. H-.v.w.m, 
they have low compressive strength. In view of the above, they are not .unable where 
compressive strength properties are important. Composites with boron fiber, have excellent 
compressive as well as tensile characteristics, and are used primarily in mm, mum- 
applications where high temperatures are encountered. In certain dnuthms hybrid , nmm 
are employed to take advantage of the superior properties of different type of fibers In many 
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cases use of hybrid composites result in weight and cost saving when compared to structures 
made up with a single type of fibers only. 

The need for fiber placement in different directions according to the particular 
application has led to various types of composite, namely continuous fiber, woven fiber, 
chopped fiber, random fiber and hybrid composites. In the continuous fiber composite 
laminate, which is being widely used, the individual continuous fiber/matrix laminae are 
oriented in the required directions and bonded together. 

The building block for a structure is a lamina. However, lamina being very thin, 
cannot be employed for withstanding external transverse loads. In addition to this the desired 
properties of a structure are also needed. For these reasons, laminae are stacked together in 
preferred sequence to make a laminate. 

A large number of parameters are involved in manufacturing and fabrication of composite 
components when compared with manufacturing of metallic components. Normally, 
manufacturing of a continuous fiber reinforced composite structures like a panel, involve the 
various stages listed below: 

■ Laminate lay up sequence design 

■ Actual laying up with design fiber orientation and the individual lamina thickness 

■ Curing. 

Having complete control at each stage of manufacturing is very difficult. This leads to 
dispersion in the system properties. The main sources introducing variability of properties in 
composites can be listed as follows [1]: 

■ Inherent and production related fiber and matrix property dispersion; 

■ Variations in intermediate materials e.g., prepegs, sheet molding compounds; 

■ Variation in fabrication process; 

■ Local and overall variations in fiber volume fraction; 
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■ Variations in fiber orientation resulting front various sources such as resin flow and 
poor initial placement; 

■ Voids. 

In resin-matrix composites, the properties of matrix materials are strongly dependent 
on the processing condition [l]. The influence of processing conditions has been clearly 
brought by Maekawa et al. [2J. The differences in various properties of laminates pioecssed 
under similar conditions are shown in Fig. 1.1 [2], Fiber-matrix inlet t ace pr. e-mm, are 
strongly dependent on the processing of the fibers and curing cycle of the -mp*- it.* 
Strength of the fiber matrix interface plays an important role in deomnimt: / the p;. ; of 

the composites. Thus, owing to the inherent uncertainties involved in 
manufacturing/processing techniques of composites, the end pmdm r can have t mb- . a:* 
variations in the properties about the desired values. 
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Experimental data from various sources [1] also endorse these observations (Table 1.1). It is 
important to note that the data from different divisions of the same company show the 
dispersion in properties. Non-standard testing method could also be one of the reasons for 
such uncertainties. The variability in characteristics of the basic building blocks of laminates- 
the Fibers and the matrix materials may add to the dispersion in the properties of the end 
product. It can, therefore, be concluded that variability in properties at the micro level is 
finally reflected at the macro-level in form of lamina properties. 


Table 1.1: Variation of reported unidirectional properties for a widely used Graphite/Epoxy 
system, from five sources (Sources: Major Airframe Company Reports) [1] 


Property 

1 

2* 

3* 

4 

5 

Max. Diff. % 

Elastic Constant 







(xlO A psi) 

• Long. Tensile • 

20.8 

18.1 

21 

20.6 

18.5 

16 

modulus ' 

18.6 

14.5 

21 

19.8 

18.5 

45 

» Long. Compr. 

1.9 

1.8 

1.7 

1.3 

1.6 

46 

Modulus » 

0.85 

- 

0.65 

0.8 

0.65 

31 

• Trans. Tensile • 

modulus 

• In-plane shear 
modulus 

• Poisson’s ratio 

0.30 



0.32 

0.25 

28 

Strength Properties 

(xlO 3 psi) 

Long. Tension 

274 

190 

180 

164 

169 

67 

Long. Compression 

280 

126 

180 

126 

162 

122 

Trans. Tension 

9.5 

5.2 

8 

5.4 

6.0 

83 

Trans. Compression 

39 

- 

30 

21 

: 25 

86 

In-plane shear 

17.3 

- 

12 

8.4 

- 

106 

Inter-laminar shear 

j 

1 13.5 

13 

M* 

7.1 

90 


Divisions of the same company 


Normally, in the classical method of structural analysis, the system is modeled by 
assuming the various parameters involved like system characteristics, boundary conditions 
etc., to be deterministic. Usually during the initial modeling of the structure, the concept of 
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factor of safety is introduced at different stages. It is expected that uncertainties that cannot 
be quantified are accounted for through the use oi I actor of safety. 

In real situation, the system parameters are seldom deterministic. Most of the 
parameters can be accurately expressed in a probabilistic sense only. I bus, we can have 
different class of problems in which the parameters involved in the analysis are either 
deterministic or probabilistic or a combination of the two. When the system parameters are 
uncertain, the derived response parameters like deflection, natural frequencies, buckling 
loads, dynamic response etc. are also random being function of these basic system 
parameters. Depending on the sensitivity of the response parameter to the input random 
variables and the statistics of the input random variables, the statistics of the response 
parameters can vary. In certain structures this can cause mode localization 13]. The actual 
stress and deflection may be beyond acceptable limits. A probabilistic approach yields a more 
accurate prediction of the system behavior and will result in a superior design. The risk of 
failure of the structures and its performance statistics can be evaluated accurately by adopting 
a probabilistic approach. As brought out earlier, all these observations are more pertinent to 
composites in comparison to metallic materials. It may be further argued that a simple factor 
of safety term introduced during the design process cannot take into account all the effects of 
property variability found in composites. The allowable stresses for conventional structural 
materials can be expected to be very close to their respective mean values. This is because of 
the scatter in these properties is confined to a very narrow domain about the mean value 
resulting in a small standard deviation (SD), owing to the effective control of the 
manufacturing/fabrication processes which have fewer parameters, as compared to 
composites. However, in the case of composite, inspite of effective quality control in 
manufacturing/fabrication processes, as we normally do in sensitive applications like 
aerospace, etc., the design stresses will normally have to be much less than respective mean 
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values, due to widely scattered data [IJ. A behavior similar to this can be expected in the case 
of composite material basic characteristics like elastic modulii, Poisson’s ratio, etc. Finally, 
all these would negate the basic idea of weight optimization, which is one of the important 
part of design consideration particularly in aerospace projects. 

Composite materials are going to be used extensively in primary and secondary 
structures in aeronautical and space projects, like advanced aircrafts, helicopters, space 
stations etc. Computer simulations of some of the proposed configurations of such 
aeronautical and outer space installations often show closely packed/overlapping natural 
frequencies in some of the components. In such cases, even the slightest shift in 
characteristics of the components can have pronounced effect on the response of the 
structures. 

Considerable results exist in literature on the distribution of ultimate tensile strength 
of FRPs [4,5,6]. Similar results on dispersion of the elastic modulus, Poisson’s ratio, shear 
modulii, etc. is limited. Maekawa et al. [2] have presented some experimental results on the 
distribution of various composite laminate properties like Poisson’s ratio, strength, modulus, 
etc. The detailed study brings out the effect of curing, processing etc. on the material 
parameters of composite and their reliability. As mentioned earlier, uncertainties in several 
factors like the fiber volume fraction, fiber orientation, void volume, fiber matrix interface 
parameters etc. have significant effects on the response of fiber-reinforced composites. The 
uncertainties in the factors mentioned above are in turn reflected on the characteristics of the 
lamina stiffness parameters like the longitudinal modulus, transverse modulus, in-plane and 
out-of-plane shear modulii, Poisson’s ratio etc. These can be treated as primary variables, 
since these are the basic parameters of the laminate that are usually considered for 
formulation of any structural analysis problem. At this stage it is relevant to mention that 
point-to-point variations of these properties over the structure particularly in composite made 
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of prepegs, which is normally the case in large scale manufacturing of composite structures, 
are very small. These facts have been verified experimentally [7j. These considerations 
indicate the need for a more accurate probabilistic approach in the analyses of these sensitive 
composite structures. 

Apart from randomness in material properties, there could be randomness in loading, 
geometry and boundary conditions. The external loading in engineering problems is 
influenced by many parameters that, in general are not under control and, is, therefore, 
random in nature. Some examples are, acoustic loading on aircraft, rocket and spacecraft 
panels, runway roughness, jet and rocket exhaust noise, water pressure on ship and submarine 
hulls during high-speed operations and under water explosion. 

For reliability of design, specially for sensitive engineering applications, accurate 
prediction of system behavior of the structures made up of composites in presence of 
randomness in system properties as well as excitations favors a probabilistic analysis 
approach for composites by modeling their mechanical properties as random variables (RVs) 
and the excitation as a random process. Laminated composite panels are being widely used in 
construction of automobile, mechanical, space, and marine structures in recent years. The 
accurate analysis of these structures is an important field of current area of research. 

1.2 Available Techniques 

A limited literature is available on the analysis of composite structures with uncertain 
parameters subjected to random loading. From the methodological point of view, stochastic 
analysis can be classified into two groups of approaches. The first group is statistical 
approach, including the Monte Carlo simulation (MCS); the second group is non-suuistical 
approach such as perturbation method, second moment analysis, and the local integral 
method. The expansion method like Neumann is another MCS technique, where the handling 
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of the system matrix is improved by introducing Choicsky’s decomposition scheme, thus 
reducing the computation time required in the MCS. Usually real life structures are so 
complex that it is not possible to analyse them with classical methods. Deterministic finite 
element method is combined with statistical approaches and/or non-statistical methods so that 
the complex structures with uncertain parameters subjected to random loading can be 
analysed. This is referred to as stochastic finite element method. In this the randomness in 
material parameters are considered at the element level itself, if material parameters are 
modeled as random field. If the material parameters are modeled as random variable, every 
element has same statistics of random variable to describe the system behavior. Similarly the 
case of loading randomness - particularly spatial variation, can be discussed. 

The usefulness of the MCS is based on the fact that the next best situation to having 
the probability distribution function of a certain quantity is to have a corresponding large 
population. The implementation of the method consists of numerically simulating a 
population corresponding to the random quantities in the physical problem, solving the 
deterministic problem associated with each number of that population, and obtaining a 
population corresponding to the random response quantities. This population can then be 
used to obtain statistics of the response variables. 

The Monte Carlo method is quite a versatile mathematical tool capable of handling 
situations where all other methods fail to succeed. The method has been known and used 
extensively in various fields such as health care, agriculture, and econometrics. However, in 
engineering mechanics it has attracted intense attention only recently following the 
widespread availability of inexpensive computational systems. Shinozuka and Jan [8] have 
played a pioneering role in introducing the method to the field of engineering mechanics. 
They have suggested .simulating a random process as the superposition of a large number of 
sinusoids having a uniformly distributed random phase angle. Later, Shinozuka [9] used fast 
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Fourier transform (FFT) algorithm in conjunction with the MCS to achieve a more efficient 

implementation of the simulation procedure. 

The perturbation approach as applied to problems of random media is extension of the 
method used in nonlinear analysis [10,1 1J. Given certain smoothness conditions, the 
functions and operators involved can be expanded in a Taylor series about their respective 
mean values. This kind of expansion is valid only when the randomness is very small as 
compared to the mean values. This condition, however, is satisfied in most of the engineering 
problems particularly in aerospace applications and hence, the approach can generally be 
adopted for almost all practical situations. The expanded forms of the terms are introduced in 
the system equations. The different order of solution can be separated from this expanded 
form. These solutions can be combined to get the complete solution of the pnihlcm as the 
characteristics of the response. The consideration of number of terms in the expanded form 
depends on the level of fluctuation in the random quantity. More number of terms should he 
included in the equations depending on the magnitude of the random fluctuations. This task is 
considerably complicated, thus greatly limiting the applicability of the method. Further, 
secular terms appear in higher order expansions. These are terms for which the magnitude 
increase with increasing approximation orders, thus causing the expansion to diverge. For 
small fluctuation as is generally the case in composites, first two terms would be sufficient. 
This fact has been brought clearly in the present study as well. 

The method has been applied extensively in recent years to problem involving random 
media, particularly, structures made of isotropic materials. Nakagiri and Hisada [12J, Hisada 
and Nakagiri [13], and Liu et al. [14,15,16] have applied the method to linear and nonlinear 
problems of statics and dynamics. 
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1.3 Motivation For The Present Study 

The analysis of structures with deterministic characteristics to random external 
excitations is well established and has been studied for large class of problem [17J. However, 
the structural response of curved and Hat panels with random material parameters to 
deterministic as well as random excitation is quite complicated and still not fully understood. 
This is particularly true for free and forced vibration and buckling of composite curved panels 
and plates. An exhaustive survey of the literature indicates that a large number of 
publications have appeared on the subject for isotropic beams and plates. However, the 
response of laminated composite curved panels and plates are not fully addressed. Further, 
the limitations of classical laminate theory (CLT), first order shear deformation theory 
(FSDT) and higher order shear deformation theory (HSDT) have been well understood for 
the deterministic analysis. However, the efficacies of these theories for second moments of 
structural response are at a nascent stage and still not developed at all. Based on deterministic 
analysis, it is generally believed that for thick laminates, the shear deformation theory is most 
appropriate, while for thin laminates CLT is suitable. The literature review presented here 
also reveals that these aspects have not received attention of the researchers. Some concrete 
effort in this direction is still needed. As a matter of fact, these issues, which are at the heart 
of the problem, provided the motivation for the present study. 

1.4 Scope Of The Present Investigation 

In the present work a comprehensive study has been conducted to obtain the second - 
order statistics of buckling loads, natural frequencies and dynamic response of laminated 
composite curved and flat panels with random material properties subjected to deterministic 
as well as random excitations. Higher order shear deformation theory has been used to model 
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the system behavior. The efficacies of various theories have been examined particularly 
towards variances in the structural response, ihc exact mean analysis (classical appioach) 
and finite element method in conjunction with first order perturbation technique have been 
proposed for the response analysis. The assumptions made in the present study may be 
enumerated as below. 

• The deformations of the panel are very small in comparison to dimensions of the 
sides. The curved panels are shallow and projected in rectangular plan form. 
Hence the linear strain-displacement relations are applicable. 

• Transverse normal stress is negligible. 

• The transverse shear stresses are assumed to vary parabolically through the 
thickness and to vanish at the panel top and bottom Mirfaeex, satisfying the 
traction free surface conditions. However, the first order shear deformation theory 
(FSDT) model assumes the transverse shear stresses to be uniform through the 
thickness of the laminate and hence a correction ‘■‘actor of 5/6 has been employed 
while utilizing the FSDT model. 

• The lateral displacement ‘w’ of any lamina is given by the displacement of the 
mid-plane. 

• AC 0 finite element formulation by assuming the slopes as a separate degree of 
freedom proposed in reference [18] for plate analysis has been extended for 
curved panel analysis. Though this increases the nodal degree of freedom, the 
choice of the element is made simpler. 

• The material parameter has been assumed to be constant with respect to space and 
time. This assumption is based on the experimental observation [7] and also found 
to be the case in most practical applications. The lamina material parameters are 

modeled as basic random variables (RVs) a ho{ « *> assumed U he 

eJafce/ for eje**Y*f * a p yowlf* , 
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• Random excitation is in general a function of spatial coordinates and time. The 
excitation is assumed to vary deterministically in spatial coordinates and assumed 
to be random in time. 


1.5 Thesis Outline 

The investigation reported in this thesis has been divided into seven chapters, in each 
of which attention has been focused on a particular aspect of the afore-mentioned problem. 

In Chapter I, an overview of the problem has been presented. The available techniques in 
literature for addressing problems with stochasticity are reviewed. Motivation and scope for 
the present study are also presented. 

Chapter II includes a review of the pertinent literature available in this area. 

In Chapter III, a general formulation of the problem has been presented that is common to all 
the problems studied in the thesis. 

Chapter IV presents specific formulations along with description of the methodology and 
numerical examples related to second order statistics of buckling response of composite flat 
and curved panels with random material parameters. 

In Chapter V, formulations and probabilistic analysis along with examples related to free 
vibration of composite flat and curved panels with uncertain material parameter is presented. 
Deterministic as well as random vibration studied in Chapter VI. The formulations of the 
problem and detailed probabilistic analysis are presented with example cases. 

Finally in Chapter VII, concluding remarks and suggestions for future studies are presented. 



CHAPTER II 


LITERATURE REVIEW 


2.1 Introduction 

Chapter I present the discussion about the nature and the complexity involved in 
dealing with the composites. To some extent, the problems that have been studied in the 
thesis were also discussed. Further, it was concluded that the literature is scanty with regard 
to dealing with uncertainties in material, loading etc. In this chapter, a critical look is taken at 
the investigations carried out by researchers in this area. From engineering mechanics 
perspective, the most common stochastic system problems involve a linear differential 
equation with random coefficients. These coefficients represent the properties of the system 
under investigation. They can be treated as random variables or, more accurately and with 
increasing level of complexities, as random processes with a specified probability structures. 
Mathematically, the problem can be stated as 

£ *=f (2.1) 

where, £ is a stochastic differential operator, x is the random response vector, and / is the 
random excitation vector. Equation (2.1) with deterministic differential operator and a 
random excitation has been investigated extensively [17,19-22], The case where the operator 
is stochastic is considerably more difficult and only approximate solutions to the problems 
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have been reported in literature. The pertinent literature may broadly be put in'o two main 

groups, which can be further classified into sub groups: 

1. Investigation dealing with isotropic materials with system paiameteis unceitainties 

a. Eigenvalue analysis 

i. Buckling 

ii. Free vibration 

b. Forced vibration response 

i. Deterministic excitation 

ii. Random excitation 

2. Investigation dealing with fiber reinforced composite mateiials with system 
parameters uncertainties 

a. Eigenvalue analysis 

i. Buckling 

ii. Free vibration 

b. Forced vibration response 

i. Deterministic excitation 

ii. Random excitation 

2.2 Isotropic Materials 

The detailed treatment of probability theory and its application to theory of .tinctures 
made of conventional isotropic materials with system parameters uncertainties for static and 
dynamic analyses can be found in Ref. [23], 

Ibrahim [3] has reviewed the work published in the area of vibrations of tiuvimes 
with parameter uncertainties. These include direct problems such as random eigen values and 
random responses of discrete and continuous systems. The impact of these {uoMi-nr on 
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related areas of interest such as sensitivity of structural performance to parameter variations, 
design optimization, and reliability analysis has also been addressed. The reviews also 
include results of experimental investigations, the phenomenon of normal modes localization, 
and the effect of mistuning of turbomachinery blades on their flutter and forced response 
characteristics. 

Manohar and Ibrahim [24] have reviewed number of topics on various formulations 
and solution techniques for structural dynamic problems with parameter uncertainties beyond 
the work reported in Ibrahim [3]. Different types of uncertainty modeling have been 
described in terms of material and geometrical properties. These models are based on the 
probability distribution being either Gaussian or non-Gaussian. It has been found that 
computational stochastic algorithms including SFEM and MCS are the currently popular 
approaches in the studies reported. Analytical developments of the random eigenvalue 
problems are reviewed with reference to typical structural elements. These developments 
include implementation of statistical energy analysis (SEA), stochastic boundary element 
method, and interval algebra. Other topic includes forced vibration of single and multi-degree 
of freedom systems including non-linear systems, localization in disordered periodic 
structures, and experimental results. Computational stochastic mechanics has been found to 
have several industrial applications including aerospace, automotive and composite structures 
elements. 

Vaicaitis [25] has presented the analysis for free vibration of clamped-clamped 
beams with non-uniform and random flexural rigidity (El) and random mass (pA), along the 
axis of the beam. Two-variable perturbation expansion method has been used for the analysis. 
The spatial random variables have been simulated on a digital computer using the MCS. The 
results of first three modes for random variations in El and pA (case l) and random variation 
in El (case 2) have been obtained along with the results of homogeneous uniform beam. The 
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accuracy of the method increases with higher frequencies. It is observed that for (he paitieular 
choice of pA and the degree of random fluctuations used for numerical computations, 
frequencies and modes deviate significantly from that lot a beam with uniform 
characteristics. The considerable difference in the results for case 2 is due to the fact that 
gradual change in the beam stiffness is permitted for this case. 

Manohar and Iyengar [26] have discussed a procedure to obtain probability 
distribution function (PDF) of eigenvalues of simple structural systems like bars, strings, 
shafts etc. associated with the one dimensional stochastic wave equation which takes into 
account randomness in specifying mass and stiffness as well as the boundary conditions. 
They have employed the stochastic averaging method for obtaining the solutions. Expressions 
for moments of the eigenfunctions and also for joint PDF between two distinct eigenvalues 
have been obtained. In the numerical example a string which is fixed at the two ends and 
whose mass varies randomly along the length has been considered to illustrate the working of 
the approach. Here, the simulation results corresponding to two different mass processes 
having the same mean and power spectral density (PSD) functions but different PDF have 
been compared with the theoretical solutions. Since both the processes have the same mean 
and covariance they lead to the same theoretical solutions. It is observed that the theoretical 
solution do not compare well with the simulation results when the randomness is non- 
Gaussian. On the other hand, the comparison is quite good for a Gaussian random process. 

Shinozuka and Astill [27] have reported free vibration studies of boam-i olumns with 
elastically restrained supports. They have considered random variation of spring constant, 
axial force, and distributions of material and geometric properties. Second order statistics of 
eigenvalues have been obtained using a perturbation technique. The computed results have 
been compared with MCS. It has been shown that perturbation uppmximuiioii is uuvpiuhle 
for cases where the properties vary randomly within a small range. 



Chapter^ 11: Literature Review 


18 


Astill et ai. [28J examined the problem of impact loading of structures with random 
geometric and material properties. Their approach is a combination of finite element method 
and Monte Carlo simulation. For the case of anti-symmetric concrete cylinder they have 
assumed spatial distributions of Young’s modulus and density for each realization of the test 
sample. Each test cylinder was subjected to same axial impact loading. The algorithm, for a 
sample size of 100, gives the maximum stress intensities from which the sample mean and 
standard deviation were computed. For a certain intermediate location of the test cylinder it 
was found that the axial stress is always different from the corresponding stress in a uniform 
cylinder. 

Elishakoff et al. [29J have developed deterministic governing equations and boundary 
conditions for mean and covariance functions of displacement for statically determinate beam 
with stochastically varying stiffness but with deterministic loading. The variational principles 
have been adopted with Galerkin’s and Rayleigh-Ritz methods to find the probabilistic 
characteristics of the response. Several problems with stochastic stiffness have been 
exemplified. They have suggested that the displacement corresponding to an associated 
deterministic beam, which possesses same geometry and load as the original beam but has a 
deterministic stiffness, be adopted as the trial functions in Galerkin or Rayleigh-Ritz 
formulation. The numerical examples have clearly illustrated that the proposed method is not 
based on perturbation, and correctly matches the exact solutions. Most importantly, this 
method does not have the disadvantage of conventional analysis like SFEM, etc. The method 
is valid for any level of variation of the stochastic parameters. 

Ren et al. [30] have proposed a new kind of finite element for bending of statically 
determinate beams (Euler-Bernoulli type) with spatially varying random stiffness under 
deterministic loading. They have obtained mean and variance of displacements at the middle 
and along the axis of SS beams subjected to uniform loading. The results have been 
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compared with that of first order perturbation technique (l-'OPT). For small values of 
coefficient of variation of stiffness the two results are quite in agreement. 

Hien and Kleiber [31| have formulated a stochastic Hamilton variational principle 
(SHVP) for dynamic problems of linear continuum. The SHVP allows incorporation of 
probabilistic distributions in the finite element analysis. The combinations of the second 
moment analysis and the fold mode superposition have been used for stochastic analysis. 
These have been simplified by transformation of correlated RVs to a set of uncorrdated RVs 
through standard eigenproblem. A procedure based on Fourier analysis and synthesis has 
been used to eliminate secular terms from perturbation approach. Second order statistics of 
the response has been obtained for the following eases (i) cantilever beams subjected to axial 
load with spatially varying random modulus of elasticity, (ii) plates with all edges simply 
supported or clamped with random thickness subjected to concentrated center load and (iii) 
two degree of freedom spring -mass system with random spring constants subjected to 
sinusoidal forcing functions. The results have also been compared with MCS and are found to 
be quite satisfactory up to 20 percent variation of the random parameter. 

Singh and Lee [32] have employed direct product technique to obtain statistical 
properties of frequencies for spring-mass damper system with randomness in damping 
subjected to random excitation amplitude with deterministic frequency. The results have been 
compared with MCS and FOPT results. 

Lee and Singh [33] have further employed the same technique for estimation of 
second order statistics of eigensolutions for different degrees of freedom of 
damped/undamped spring -mass system with stiffness and mass as random parameters. The 
results have been compared with MCS. It has been found that up to 20 percent of coefficient 
of variation (COV) of mass, the results are in close agreement with MCS. However with first 
order perturbation, it is in agreement with MCS only up to 10 percent COV. 
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In another paper, Lee and Singh [34] have also obtained the dynamic response of a 
linear time invariant, proportionally damped vibrating system of N dimensions with uncertain 
parameter matrices M, C and K. Each matrix is assumed to be symmetric and positive 
definite. They have also assumed that the amplitude of excitation is randomly distributed, but 
the time history, represented by, impulse and sinusoidal functions is deterministic and 
arbitrary. The first example studied by them is an undamped single degree of freedom system 
subjected to unit impulse excitation with uniformly distributed random stiffness. Standard 
deviations of the impulsive response are found to be in reasonably good agreement with MCS 
except that the oscillations in simulation response die out slowly. The second example 
considered is a damped single degree of freedom system with random stiffness. The results 
obtained with proposed technique are very close to MCS results as compared to FOPT. They 
have observed that small fluctuations in damping ratio do not affect the impulsive response 
significantly. 

A general approach for solving the statistics of the eigenvalues has been presented by 
Collins and Thomson [35 j. This method can take into account correlation between matrix 
elements and provides statistics of eigenvalues and eigenvectors. Linear equations for 
dynamic system have been formulated for finding the statistics of eigenvalues and 
eigenvectors. The approach has been validated by an independent MCS. 

Caravani and Thomson [36] have brought out the influence of damping uncertainty on 
the frequency response of a multi degree-of-freedom system. A statistical linear model has 
been presented to obtain second order statistics of the response. A hypothesis regarding the 
statistical correlation of damping coefficients has also been presented. Validation of the 

J* 

presented model has been done by MCS. The technique is applicable to different forms of 
damping and other system parameters. 
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Chen and Soroka [37J have studied the response of a multi -degree of -freedom 
dynamic system with statistical properties to deterministic excitation. I he perturbation 
technique has been used for the formulation. Response statistics has been obtained. To show 
the effect of stiffness variations, the results have been compared with the response of the 
system without stiffness variations. It is observed that the probabilistic excitation always 
provides larger response values than the deterministic excitation. In yet another paper [38] 
they have looked into the case of impulse response of an analogous system employing a 
similar technique. Statistical moments of the impulse response function have been obtained. 

Mok and Murray [39] have investigated the free vibration of a slender bar with 
slightly different characteristics from those of a uniform bar. A simple, approximate solution 
obtained by ignoring the higher order terms and their products with vaiyim.' system 
parameters like area of cross section, elastic modulus, density etc. has been presented. 
Experimental results, obtained for free-free flexural vibrations, have been found to agree well 
with the theoretical predictions. 

Grigoriu [40] has detailed a method for calculating probabilistic characteristics of the 
eigenvalues of stochastic symmetric matrices. Perturbation technique has been used for 
obtaining approximate expressions for eigensolutions. Several examples from dynamics and 
elasticity have been solved. The results have been compared with exact solutions. 

The exact expression of the stochastic stiffness matrix of the structure is obtained by 
Deodatis [41] in terms of integrals of the stochastic field describing the random material 
properties multiplied by a deterministic shape function. These integrals are RVs and are 
called as weighted integrals. Two approaches, one based on principle of stationary potential 
energy and the other based on principle of virtual work, have been used. The above 
approaches in conjunction with FEM have been used to evaluate the response. The response 
variability and safety index of stochastic framed structures have been obtained by Deodatis 
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and Shinozuka [42J using the approach presented in [41 j. They have employed the first order 
Taylor series expansion for the response variability and FOSM for safety index. 

Bucher and Brenner [43J have described a method for analyses of structural systems 
with random properties subjected to dynamic loading. They have used the weighted integral 
technique. Mass and stiffness terms have been expanded in terms of weighted integrals. MCS 
and response surface method have been used to determine the threshold exceedence 
probabilities of the response. 

A methodology for analyzing structures with random stress-strain behavior has been 
presented by Millwater et al. [44J. This methodology characterizes the uniaxial engineering 
stress-strain curve by five engineering parameters. The parameters are elastic modulus (E), 
engineering stress at initial yield (o y ), initial plastic hardening slope (h y ), engineering stress at 
the point of ultimate load (a u ) and engineering strain at the point of ultimate load (e u ). 
Letting these parameters to be random will simulate uncertainties in the stress-strain behavior 
of a sti ucture. This methodology has been integrated into the NESSUS (Numerical 
Evaluation of Stochastic Structures Under Stress) probabilistic structural analysis system. 
With this system, probabilistic finite element analysis of structures with random stress-strain 
behavior can be analyzed in an automated fashion. Thus, reliability of complex structures 
with non-linear stochastic material behavior can be computed. As an example, problem of a 
thick cylinder under internal pressure has been taken. The internal pressure and stress-strain 
curve is random. The stress-strain parameters have been modeled as lognormal distribution 
with correlation. The response quantity is the cumulative distribution function of the 
equivalent plastic strain at the inner radius. They have also computed the probabilistic 
sensitivity or relative importance of the random variables. 

Chen and Zhang [45] have described a method to determine the response sensitivity 
for complex stochastic structures subjected to arbitrary deterministic excitation. The 
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probabilistic problem has been converted into a detenninistic one using a putuibation 
technique (PT). The response sensitivity has been calculated with itspcct to pai anietei s like 
beam cross-sectional area, plate thickness etc. 

A technique for computing the instantaneous transient response statistics of undamped 
linear multi-degree of freedom system subjected to arbitrary deterministic excitation, when 
random uncertainties are introduced into the stiffness matrix, has been described by 
Prasthofer and Beadle [46]. The PT has been used to model the uncertainties. The response 
uncertainty has been presented as a function of the model uncertainty for an impulsive 
excitation function. 

A method has been presented by Bliven and Soong [47] for analysis of natural 
frequencies of elastic beams having randomly varying characteristics. The method is based 
on a lumped parameter model. The uncertainties may be due to material inhomoy-mcities or 
geometrical imperfections. Statistics of natural frequencies of a SS beam have been obtained 
for stiffness varying randomly with position along the beam. 

Zhang and Chen [48] have presented a method to estimate the standard deviations of 
eigenvalue and eigenvector of random multiple degree of freedom (MDOF) systems. The 
method can be applied not only to the MDOF systems with distinct eigenvalues, but also to 
multi degree of freedom systems with uncertainties in mass and stiffness matrix elements. 
They have used both the sensitivity and the perturbation technique to develop the 
methodology. Example of free vibration analysis with mass modeled as random variable have 
been presented for obtaining the mean and standard deviations of the first six eigenvalues and 
two eigenvectors for a beam problem and the first three eigenvalues and two eigenvectors for 
a truss problem. 

Low [49] has analyzed beams with arbitrary boundary conditions. A siiar'htfoi waul 
root- searching algorithm has been presented for the eigenproblcm of the beam sv.tem The 
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ends of the beam are generally attached to prescribe mechanical components. The system 
frequency equations have been obtained by incorporating the boundary conditions. Given the 
beam model, the implicit form of the frequency equation can be solved symbolically for the 
exact roots, which then have been used for evaluating the natural frequencies followed by the 
associated mode shapes. They have found that the analytical results are in close agreement 
with experimental results. This is due to the fact that the exact boundary conditions were 
incorporated into the system frequency equation. 

Vanmarke and Grigoriu [50] have presented results on the study of beams with 
rigidity varying randomly along the axis. Static analysis of a cantilever beam with uniformly 
distributed and a concentrated load on the tip has been performed using FEM. Random elastic 
characteristics of each element have been represented by the local spatial average over the 
element, with the correlation function represented by a parameter called scale of fluctuation. 
Second order statistics of deflection have been evaluated using the approach. 

A general procedure for formulating problems involving random fields, using 
probabilistic FEM has been described by Liu et al. [51]. The random field has been 
discretized into a mean vector and a co- variance matrix. To reduce computational efforts, the 
above correlated vector has been transformed into an uncorrelated vector using an eigenvalue 
orthogonalisation. The method has been applied to several problems, including a two- 
dimensional plane-stress beam-bending problem. An independent MCS technique has been 
employed to check the results. In another paper Liu et al. [15] have described a finite element 
method applicable to truss structures for determination of the probabilistic distribution of the 
dynamic response of trusses due to material and geometric variations. 

A solution for free vibration response of thin plates supported on non-uniform lateral 
elastic edge supports has been obtained by Gorman [52], Method of superposition has been 
used. The stiffness of elastic supports can have any distribution along the edges including 
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discontinuities and local concentrations. Results have been pnsented toi square and 
rectangular plates. 

I wan and Jenson [53J have developed a general methodology for solving a partial 
differential equation with random coefficients. They have introduced random shape functions 
to approximate the solution in spatial domain and in random space. A system of linear 
ordinary differential equations are derived using weighted residual method, by means of the 
spectral decomposition of the covariance matrix. The random field is described in terms of 
uncorrelated RVs. A FEM has been used in conjunction with the proposed method to obtain 
the full solution of several problems. The second order statistics of the dynamic response has 
been evaluated. In another paper Jenson and Iwan [54] have analyzed MDOF linear system 
with uncertain parameters to stochastic excitations. The excitation has been modeled as 
modulated Gaussian white noise process and the uncertain parameters modeled as RVs. A 
method based on an expansion of the response in terms of a series of orthogonal polynomials 
that depends on the coefficient of the spectral decompositions ot the uncertain parameters 
have been developed. Modified Euler method has been used for obtaining the solutions. 
Second order statistics for dynamic response has been obtained for primary- secondary 
system. It has been found that uncertainties in stiffness parameter may have a strong 
influence on the response of secondary system. 

Chen et al. [55] have presented a probabilistic method to evaluate the effect of 
uncertainties in geometrical and material properties of structures on the random vibration 
response. The FOPT has been used to deal with randomness in system parameters. They have 
also conducted the sensitivity analysis. Truss and beam problems have been considered to 
illustrate the working of the approach. They have obtained mean and SD of the response for 
the two problems investigated. The method proposed is more accurate compared to other 
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methods, but needs a great deal of computational efforts, and hence it is often used for 
comparison purposes rather than as a practical engineering tool. 

Zhang and Ellingwood [56] have studied the elastic stability of structural members 
and frames with uncertain material properties. The uncertain properties are modeled as 
continuous random field by a series expansion involving orthogonal functions. The SFEM 
with FOPT/and or second order PT has been used for obtaining the results. The effects of the 
correlation length of the random field and the coefficient of variations of rigidity on the mean 
and scatter of the buckling response have been obtained. The results have been compared 
with MCS results. 

Shinozuka [57] has obtained the response variability of statically determinate 
structures arising from homogeneous one-dimensional uni-variate material property fields. 
Utilizing Green’s function formulation that uses the first order second moment method 
(FOSM), the upper and lower bounds of the static response variability have been obtained for 
bar and beam problems. 

Bucher and Shinozuka [58] have extended the earlier work of Shinozuka [57]. In this, 
the response variability of linear structures due to spatial variation of elastic properties 
subjected to deterministic and random loading have been investigated. They have considered 
statically determinate/indeterminate beams and 2-D structures as examples for their study. 
Green’s function formulation along with FOSM has been used in this work. The second order 
statistics of static response have been obtained and validated with that of MCS. 

Kardara et al. [59] have farther extended the work of Bucher and Shinozuka [58]. 
They have considered the same approach for evaluation of response variability of a beam 
with a higher degree of indeterminacy and multi-bay multi-story frames due to spatial 
variation of geometry or material properties. The coefficient of variation of structural 
response has been obtained and compared with MCS. 
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Deodatis and Shinozuka [60] have developed a methodology to analytically and 
numerically evaluate the spectral distribution free upper bounds of the response variability of 
stochastic systems. The structural systems examined consist ol lineai Iv, clastic, statically 
determinate and indeterminate beams subjected to static loads. 1 hey have used variability 
response function approach for analytical evaluation ol these bounds and last Monte Carlo 
simulations for numerical evaluation. 

Wall and Deodatis [61] have extended weighted integral method [41 j and the concept 
of response variability function [60]. They have obtained the response variability in terms of 
response quantities and the reliability in terms of safety index of two dimensional plane 
stress-strain stochastic problems. As an example a square plate subjected to in plane loading 
with random elastic modulus has been considered to illustrate the working of the approach. 
Elastic modulus has been modeled as a homogeneous stochastic field, 

Lawrence [62] has applied Galerkin‘s method to random operator equations. 
Appropriate Hilbert spaces are defined for random functions and solutions are projected into 
these spaces, allowing the first and second moment properties of the solution to he calculated. 
An equivalent energy based approach similar to Raleigh-Ritz method is developed from 
which a SFEM is derived. Several one and two dimensional example problems are solved and 
the results discussed. 

Yamazaki et al. [63] have obtained the structural response variability resulting from 
the spatial variability of material properties of structures subjected to static deterministic 
loads. The spatial variability is modeled as two-dimensional stochastic fields. They have used 
three approaches namely FEM with direct MCS, FEM with Neumann expansion in 
conjunction with MCS and FEM with perturbation technique for mean and SD of response of 
the framed structures. For the analysis of frame, they have assumed clastic modulus to be 
Gaussian and loading to be deterministic. It has been found that a second order FT can 
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improve the results of FOPT only a little, however an enormous CPU time is required as 
compared to direct MCS. A FOPT results may be quite useful depending on the type of 
stochastic fields to which the material property in question subscribe. However, the results 
should be verified by MCS techniques. 

Ghanem and Spanos [64] have presented a new method for treating problems 
involving random media. A complete basis in Hilbert space of random functions is identified. 
This basis consists of the polynomial chaos, which is an orthogonal polynomial in white 
noise. The response is expressed as a convergent series along this basis. The method provides 
a natural extension for deterministic FEM to problems exhibiting random system behavior. 
The proposed method has been applied to a plate problem involving random variation in the 
material properties and to a problem of a beam on a random elastic foundation subjected to a 
random dynamic loading. Good agreement between the results obtained by the proposed 
method and pertinent MCS results over a wide range of random fluctuations level has been 
observed. 

Spanos and Ghanem [65] have proposed a new method for the solution of problems 
involving material variability modeled as a stochastic field. The method makes use of the 
Karhunam-Love expansion to represent the random material property. The expansion is a 
representation of the field in terms of a finite set of uncorrelated RVs. The resulting 
formulation is compatible with FEM. A Neumann expansion is subsequently employed to 
obtain a convergent expansion of the response process. The usefulness of the proposed 
approach, in terms of efficiency and accuracy, is exemplified by considering a cantilever 
beam with random rigidity. The derived results pertaining to the second order statistics of the 
response are found in good agreement with those obtained by a MCS solution of the problem. 

Li et al. [66] have identified and discussed the uncertainties associated with structural 
parameters and dynamic loading. The structural parameter uncertainties have been treated as 
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random variables and dynamic wind load has been simulated as a random process. Dynamic 
wind-induced response of structures with parametei uncei tainties is investigated by using 
SFEM. They have also derived a formula for structural dynamic reliability analysis 
considering the randomness of structural resistance and loading. Two examples of high-rise 
structure have also been discussed to illustrate the approach. The calculated results 
demonstrate that the variation in structural parameters indeed influences the dynamic 
response and the first passage probability evaluation of structures. 

Gupta and Joshi [67] have developed a response spectrum based on stochastic 
approach for analyzing the earthquake response of structures with uncertain parameters. For 
this purpose, they have derived the expression for the variances of the root mean -square 
values of various response quantities at different levels for a multi-degree -of-freedom 
structure in terms of the covariance of the modal parameters of the structure. They have 
established the validity of the proposed method by computing a large number of results and 
comparing them with the corresponding exact results obtained by MCS. 

Graham and Siragy [68] have studied the variability of the random buckling loads of 
beams and plates with stochastically varying material and geometric propertie,. using concept 
of the variability response function. The elastic modulus, moment of inertia and thickness are 
assumed to be described by homogeneous stochastic fields. They have obtained expiv.vrious 
for the buckling load and spectral-distribution free upper bounds of the buckling load 
variability. Examples of beams, unstiffened and stiffened plates have been used to illustrate 
the technique. 

Handa and Anderson [69] have presented a FEM, which estimates the mean values, 
standard deviations and correlation coefficients of structural displacements, and stresses by 
taking into account variations in applied loads, dimensions and material propeiii*-., A 
cantilever beam made of steel and wooden roof truss have been considered for the numerical 
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study. They have found that the degrees of correlation in the primary random variables 
(applied loads, Young’s modulus etc.) can considerably influence, the failure risk. 

Zhu et al. [70J have presented a formula for statistics of the local averages of random 
vector fields. The SFEM based on the local averages of random vector fields have been 
formulated for static, eigenvalue, and stress intensity factor problems. Numerical examples 
showed that the SFEM based on local averages of random fields generally provides more 
rapid convergence with increasing number of elements than the SFEM based on mid-point 
discretization. The convergence of the results depends on the geometry of the element mesh. 
As in deterministic FEM, the convergence also depends on the order of the interpolation 
functions used for defining the elements. 

Chakraborty and Dey £71] have characterized the real life structural systems by the 
inherent uncertainty in the definition of their parameters in the context of both space and 
time. They have proposed a SFEM in the frequency domain. The harmonic forces as well as 
earthquake-induced ground motion are treated as random process. The uncertain structural 
parameters are modeled as homogeneous Gaussian stochastic field and discretized by he local 
average method. The discretized field is simulated by the Cholesky decomposition of 
respective covariance matrix. Neumann expansion method is introduced in the finite element 
procedure within framework of MCS. Numerical examples are presented to elucidate the 
accuracy and efficiency of the proposed method with the direct MCS. 

Lei and Qui [72] have presented a method for the dynamic analysis of structures with 
stochastic parameters to random excitation. They have also presented a procedure to derive 
the statistical characterization of the dynamic response for structures using dynamic 
Neumann stochastic FEM. Random equation of motion for structures is transformed into 
quasi-static equilibrium equation for the solution of displacement in time domain. Neumann 
expansion method has been used to derive the statistical solution of such a random system, 
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within framework of MCS. The results are compared with the first order and second order 
stochastic finite element method and the direct MCS. Numerical examples arc examined to 
show that the approach proposed has a very high accuracy and efficiency in the analysis of 
compound random vibration. 

From the foregoing literature survey, it is observed that almost all the work in this 
area is related to isotropic materials. In the next section we present a survey of the literature 
with regard to fiber reinforced composite materials. 

2.3 Fiber Reinforced Composite Materials 

Very little information is available in open literature for response of structures made 
of fiber reinforced composite materials, with uncertain system parameters subjected to 
deterministic or random loading. 

Nakagiri et al. [73] have presented a methodology of STEM applied to uncertain 
eigenvalue problem of linear vibration, which arises from the fluctuation of the overall 
stiffness due to uncertain variation of the stacking sequence. The problem has been 
formulated in the frame of linear elasticity and Kirehhoff-Love’s theory of small deflection. 
The uncertain stacking sequence has been modeled as a random variable, while all the 
material constants are taken as deterministic. Mean centered perturbation technique has been 
employed to handle the random behavior. Numerical analyses have been carried out for 
simply supported graphite-epoxy plates. Second order statistics of the eigen frequency has 
been obtained. 

Engelstad and Reddy [74] have described a probabilistic micro-mechanics approach 
based on non-linear analysis procedure to predict the variability in the propmtic-. of metal 
matrix composites. MCS, with assumed probabilistic distribution of properties-like fiber. 
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matrix and inter phase properties, volume and void ratio, strengths, fiber misalignment etc. - 
have been used to predict the statistics of resultant lamina properties. 

Martin and Leissa [75] and Leissa and Martin [761 have studied the problem of plane 
elasticity, static, buckling and dynamic analysis of composite lamina with variable fiber 
spacing. The volume fraction has been assumed to vary according to some known functions. 
This -results in variation of elements of stiffness matrix across the width of the lamina. The 
plane stress problem of such a lamina is governed by a partial differential equation with 
variable coefficients. Energy method has been used for formulating the problem. Several free 
vibrations and buckling problems have also been solved. The non-uniform distribution of 
fibers is found to increase the buckling load by as much as 38 percent and the fundamental 
frequency by about 21 percent. 

Adali et al. [77] have discussed the problem of maximization of critical buckling load 
of an angle-ply laminated plate, when the properties of the plate are known to be scattered 
about some mean value. Convex analysis approach has been employed to determine the 
material properties giving the minimum-buckling load. The results have been presented for 
uni-axial and biaxial loadings for various aspect ratios. 

Vinckenroy and Wilde [78] have used MCS in combination with the FEM to 
determine the stochastic distribution of the structural response on the basis of the stochastic 
description of the input (materials, geometry, loads, ...). They have investigated simple as 
well as complex structures, including a perforated composite plate. The analysis allows 
establishing variations in the input. The advantage of this method is that -it does not require 
access to the finite element source code and can be used, with some adaptations, with any 
program code. 

Salim et al. [79-81] have employed FOR' for analysis of composite laminates with 
random material properties. The problem is formulated using classical laminate theory and 
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energy approach. The material properties have been modeled as RVs. kayleigh-Ritz 
technique has been used for the solution. Specially orthotiopic composite laminates with all 
edges simply supported have been analysed with deterministic loading to obtain the SD of 
deflections [79]. The SD of initial buckling load has been obtained for all edges SS cross-ply 
plates subjected to compressive force [80]. In another papei [SI], they have obtained the 
second order statistics of natural frequencies of the laminate. I he results have been compared 
with that of MCS. 

Raj et al. [82] have obtained the static response of graphite-epoxy composite 
laminates with randomness in material properties subjected to deterministic loading. The 
material properties have been modeled as independent random variables. They have used a 
higher order shear deformation theory to model the plate behavior. The FBM in conjunction 
with MCS has been used for obtaining the second order statistics of static response. The 
sensitivity of variation of the SD of the response towards the uncertainties in material 
properties has been examined for composite plates with different support conditions. 

Yadav and Verma [83,84] have investigated free vibration for cylindrical shells with 
random material properties. In their first paper, they have presented the theoretical 
formulation and in the second paper they have presented applications of the pi opt used 
approach. The behavior of composite shell has been modeled based on classical laminate 
theory. The material properties are modeled as random variables. The exact mean solution 
approach for simply supported cylindrical shell has been used. The FOPT has been employed 
to handle the randomness. Numerical results for mean and SD of first three natural 
frequencies have been obtained for specially orthotropic, asymmetric and six layer anti- 
symmetric laminates for simply supported ends in axis-symmetric vibiatioir,. In another 
paper Yadav and Verma [85] have studied the initial buckling of composite cvlindtieal shells. 
The mean and SD of initial buckling load lor specially orthotropic shells subjected to axial 
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compression have been obtained. They have used the same formulation and mathematical 
simplicity as given in [83]. 

Jagdish [86] has studied the static response of graphite/epoxy and glass/epoxy 
composite plates with random material properties to random loading. They have formulated 
the problem using classical laminate theory. The solution of the equations obtained from 
energy methods have been attempted by Rayleigh-Ritz technique. They have employed 
FOPT to handle randomness in material properties and loading. The effects of input material 
properties and loading have been studied on deflection of composite laminates with different 
boundary conditions, aspect ratios, ply orientations etc. 

Raju [87] has studied the initial buckling of composite plates with and without 
cutouts. The problem has been formulated based on the classical laminate theory. NASTRON 
based FEM in conjunction with MCS has been used for evaluation of the second order 
statistics of the buckling loads of rectangular composite laminates with random material 
properties. The material properties have been modeled as random variables (RVs). It has been 
found that the plate with cutout is more sensitive compared to plate without cutout. Further, 
for plates with cutout, as the aspect ratio increases the critical load decreases. 

2.4 Observations 

A detailed review of the available literature dealing with various aspects of response 
of isotropic and laminated composite structures with uncertain system parameters subjected 
to deterministic as well as random external excitations has been presented in the previous 
sections of this chapter. The review reveals that though quite a bit of information is available 
on response analysis of structures involving isotropic materials with random system 
parameters subjected to dctcnninistic us well as random excitations, limited literature is 
available on analyses of composite structures with random material propei ties to 
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deterministic as well as random excitations. From methodological point ol view, the non- 
statistical methods in particular, perturbation technique appeals to be quite common tor 
analyses of structures with parameter uncertainties, while this is not a common method in the 
presence of external excitations which are random. In general, Monte Cnilo simulation seems 
to be the ideal choice for checking the validity of the proposed techniques. Some prefer local 
integration, direct product, etc. In some cases, where numerical technique is essential due to 
complexities of the problems, the above approaches have been used in conjunction with finite 
element methods. At this stage it is important to mention that in most of the cases the 
solutions have been attempted using first order approximations. The reasons are two fold. 
Firstly, up to certain level of randomness in the system parameters which is compatible with 
most engineering applications, the first order approximations gives sufficiently accurate 
solution when compared with MCS. Secondly, the complexities of the resulting higher order 
equations create computational problems in obtaining solutions. Introduction of uncertainties 
in system parameters has been found to result in significant dispersion of the response from 
the mean values. Similar observations have been found in case of random excitations. 

2.5 Objective 

Judging from literature review presented in Sections 2.1 to 2.3 and observations in 
Section 2.4, it is evident that there exist several gaps in analysis of isotropic material 
structures and composite structures with uncertainties in system parameters. Considerable 
work has been done on the buckling, free and random vibrations analysis of isotropic 
structures with parameter uncertainties. However, similar studies related to composite 
panels/plates are still underdeveloped and hence there is need for such studies to be carried 
out systematically. With these in view, the objective of the present study is: 
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• To employ a higher order shear deformation theory (HSDT) displacement model to 
accurately predict the transverse shear and rotary inertia effects in laminated 
composite panels with random material properties. 

• To develop a suitable probabilistic solution approach using first-order perturbation 
technique in combination with classical approach and finite element method for the 
analysis of laminated composite panels with uncertain system parameters to 
deterministic as well as random excitations. 

• To examine the efficacies of CUT and FSDT with HSDT towards probabilistic 
behavior of the buckling, natural frequency and dynamic response of the laminated 
composite panels/plates with random material properties. 

• To study the probabilistic system response behavior with uncertainties in material 
properties subjected to in-plane loads and deterministic as well as transverse random 
excitations. The sensitivity of material properties is also to be examined. 



CHAPTER III 


GENERAL FORMULATION 


3.1 Introduction 

In Chapter II, on the basis of exhaustive literature survey, it was observed that the 
information on the response of composite laminates with random material properties is 
limited. There is need for an in-depth study to find the dispersion in natural frequencies, 
buckling loads and dynamic response for a composite panel with random material properties. 
It is also worthwhile from the design point of view to examine the effect of various geometric 
parameters on the response. Further, for proper quality control during manufacturing of the 
composite it is good to investigate the sensitivity of the response to the variation in random 
material properties. 

It is well known that even in the case of thin composite laminates the neglect of 
transverse shear stresses makes the laminate stiffen Since shear modulus is an independent 
material property in the composite, it would also affect the design. The classical laminate 
theory (CLT) developed by Smith [88], Reissner and Stavsky [89J, and Lekhnitskii [90] were 
all based on Kirchoffs assumptions. The deflections predicted using CLT model were lower, 
while buckling loads and frequencies were higher as compared to experimental observations. 
This was mainly due to the fact that the transverse shear stresses and rotatory inertia effects 
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were neglected in the CLT model. Later many studies weie cnuicd out to include these 
effects, which led to the development ol vaiious shcai dcloimation theories [ H-)4], The 
higher order shear deformation theory (HSDT) model developed by Reddy and Liu [95] and 
Reddy [96] for elastic shells and plates respectively has been employed for the present study. 
The first order shear deformation theory (FSDT) based on uniform shear stress concept could 
be obtained from HSDT model. At this stage, it is relevant to mention that the behavior of 
various theories in deterministic analysis is well known. However, their behavior in 
probabilistic environment is not yet fully understood. The present study is based on the so- 
called parabolic shear deformable theory but, for comparison purposes, the results for CLT 
and FSDT have also been computed. 

The system dynamic equations for the composite curved panel with higher order shear 
deformation theory can be derived by using variational approach [95, 97] or vectorial 
approach [98, 99]. In the present study variational approach has been employed. The form of 
the system equations does not change in the random environment and look similar to the 
deterministic case. 

3.2 Shear Deformable Curved Composite Panels 

Figure 3.1 shows the geometry of the shell element with stress resultants. Let 
(£t, % 2 , £) denote the orthogonal curvilinear coordinates (or shell coordinates) such that the 
& and curves are lines of curvature on the mid-surface £ = 0, and £ curves are straight 
lines perpendicular to the mid-surface. /?, and R 2 denote the values of the principal radii of 
curvatures of the mid-surface. The lines of principal curvature coincide with the coordinate 


lines. 
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The shell under consideration is composed of a finite number of N orthotropie layers 
of uniform thickness. Q and Q , be the top and bottom £ -coordinates of the k th lamina. 



Figure 3. 1 ; Geometry of shell element with stress resultants 

3.2.1 Displacement Field Model 

The displacement field relations for composite curved panels under mnsidemtiun are 195): 

«(£ t> C. 0 *(! + £//?,)« + + C Vi + 

(3.1) 

v(£i. C. 0 = (l + C/K,)v + & : +C"<P: *(£, &,£,*) * w, 

where t is time, u, v, and vv are displacements along the and C coordinates, 

respectively, u, v and w are the displacements of a point on the middle surface and 0, and <f> 2 
are the rotations at £ = 0 of normal to the mid-surface with respect to the g 2 and axes, 
respectively. Coefficients <p, , <p , , 0, and 0, have system dependent values. The particular 
choice of the displacement field in Fquation (3,1) is dictated by the desire to ivpieu-nt the 
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transverse shear strains by quadratic functions of the thickness coordinate £ and by the 

requirement that the transverse normal strains be zeio. 

With the above conditions the following relations aie obtained [95 J. 

(jr j = = 0; = -(4/3/z ) ($, + 1/a, (3w/3<3,) ) , 

(3.2) 

d 2 = -(4/3/z 2 ) (0, + l/a 2 (3w/3£ 2 ) , 

where a, and a, are the surface metrics [95] and h is the thickness of the laminate. 

Substituting Equation (3.2) into Equation (3.1), we obtain 

u = (1 + CIRJu + Ctf>, +7 C 3 (4/3/z 2 )R>, - 1/a, 0 w/3£)] 

V = (1 + c / & ) v + C 02 + r C ■ 5 (4/3/z 2 ) [-0, - 1 / a 2 Ow/3^)] ; (3.3) 

w = w . 

This displacement field, given by Equation (3.3), is used to compute the strains and 
stresses at any point within the laminate. Note that the displacement field for the first-order 
shear deformation theory (FSDT) can be deduced from Equation (3.3) by setting y = 0. The 
displacement field for classical laminate theory (CLT) can be obtained from that of the first- 
order theory by setting 0, = -1/a, (3 w/3|,) and 0 2 =-l/a 2 (3w/3^ 2 ). 

In addition to classical approach in conjunction with probabilistic analysis, i.e., 
stochastic classical approach (SCA), the stochastic FEM (deterministic FEM+ probabilistic 
analysis) is also used for obtaining the response statistics. For deterministic finite element 
analysis with the displacement field mentioned above, it is necessary to employ an element 
with C 1 continuity. Realizing the computational difficulties associated with C 1 continuity 
element, the derivatives of the out of plane displacement are themselves considered as 
separate independent degrees of freedoms (DOFs). Thus, 5 DOFs per node with C 1 continuity 
element is transformed into a C° continuity element with 7 DOFs per node. 
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To make it suitable for C° continuity, the displacement field liquation (3.3) needs to be 


modified. Following the development by Slumkara and Iyengar j 18 j for composite plates, a 
procedure is being outlined here for curved panels. The displacement field may be expressed 
using functions as coefficients 

u = (! + £//?,)« +/t(O0! +/d <T)(tWAv,); 

V = (1 + C / R 2 ) u + J\ ( C ) ^ + /> ( O ( Av, ) ; (3.4) 

vv = vv . 

Here x,, x, and C, are the Cartesian coordinates (t/.v, - a, </£, /= /, 2). The displacement 
functions /,(0 and /,(£) are represented as 

/,( 0 = C,C - C 2 C and /, (O = -C’C: (3.5) 

where Cj, C 2 and C 4 are constants with values 
C, = 1; Ci = C 4 = 4/3/i-; for HSDT, 

(3.6) 

C, = 1; C% = C 4 = 0; for FSDT. 

The displacement model represented by Equation (3.4) can be rewritten as: 

V = (1 + C / /?, )V + /, (C Wj + /j(C M ; (3.7) 

w = w ; 

where, 6,=^ W 9,=^. 

ax, ' dt. 

The displacement vector for the model is, 

A = (“ > » M, 4) r 




(3.8) 
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3.2.2 Strain-Displacement Relations 

The strain- displacement relations using liquation {.3.3 ) referred to Cartesian 


coordinate system are: 

0 y / 0 v 2 2 \ 

C ~ £ \ + 9 (k, + 9 
e. t = e 4 + CM; £ s 


£? + CM + 9 "M ) ’ 


= e 5 °+CXs; £ 6 = £ 6 ° + CM + CMM 


(3.9) 


where 

e° = 3»/3x, + w/ R { ; K, 0 = 3<jf>, /3x, ; icf = ~(4/3/i 2 )(30, /3x, + 3 2 w/ 3* 2 ) ; 

e“ = 3v/3x, + w/i?,; jc° = 30 2 /dx 2 ; k; = -(4/3 h 2 )(d(/) 2 / 3x, + 3 2 w/ 3x 2 ) ; 

£ 4 = 0 , + 3w/3x 2 ; k[ - -(4//z 2 )(0 2 + 3w/3x 2 ) ; £° = 0 , + 3w/3x,; (3.10) 

/Cj = —( 4 / h 2 )((j) l + 3 w/ 3x, ); £5 —du/ 3x 2 + 9v / 3x, ; = 9 (f> 2 / 3x, + 30, / 3x 2 ; 

k 6 2 = -(4/3/i 2 )(30 2 / 3x, + 30, /3x, + 23 2 w/3x,3x 2 ) . 

Equation (3.9) gives the strain-displacement relations corresponding to the displacement field 
Equation (3.7) with the mid-plane strains and curvatures expressed as 

£j° = 3w/3x, + w/ Z?[ ; £ 2 = 9v/ 3x 2 + w/ R 2 ', £4 = C,0i + 3w / 3x 2 ; 

8° = C,0, + 3w73x,; £g =3«/9 x 2 -+- 9v / 3x t ; 

k? =C 1 (9(() l /9x l ); k 2 ° = C,(30,/3x 2 ); k“ = C, (3t() 2 /3x, + 30, /9x 2 ) ; (3.11) 

k 4 = — 3C 2 <f> 2 - 3C 4 9 2 ; Kj = — 3C 2 <|) t -3C 4 0, ; 

k 2 = -C 2 (3<t>, / 9x, ) - C 4 (30, / 3x, ) ; k; = -C 2 (3<|> 2 / 3x 2 ) - C.,90, / 3x, ) ; 

Kg = -C 2 (9(|> 2 / 3x, + 9<f» , / 3 x 2 ) — C 4 (30, / 3x 2 + 30 2 / 3x, ) . 
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3.2.3 Stress-Strain Relations 

The stress-strain relations for Mi lamina in the material coordinate axis, whose fibers 
are oriented with reference to the is given as [100] 
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£ 'C . 


(3.12) 


<*> 


where T and 't' indicate the longitudinal and transverse directions for the lamina. 

£, and s t are stresses and strains in the direction parallel and perpendicular to the fiber 
direction. a lt , o, f , <7, f , £„, e, f and £ [( are shear stresses and shear stains in the respective 
planes. The stiffness coefficients are defined in terms of material properties as 

Q\ I = £[1 / (l - v ( 2 ) , 

Q 22 =v 2l E u / a-v n v 2l ); (3.13) 

Qi\ = Q 12 ’ Qt>6 = ^12 ’ Qm ~ O u ; Q$$ = 0 22 1 v n = ^ 12 ; 

where E u and E 22 are longitudinal and transverse elastic modulii, G,, is in-plane shear 
modulus , G l3 and G 2i are the out-of-plane shear modulii and v t/ ’s are the Poisson ratios. 

The transformed stress -strain relations for the k th lamina with respect to the laminate 
coordinate system are: 
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(3.14) 
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where (2 '*’ are the material constants of the k th lamina in the laminate coordinate system 
[100, 101], 

3.2.4 Equations of Motion 

The equations of motion for curved panels subjected to in-plane loads, 
iV , N , and N and distributed transverse dynamic loading q including effects of 

transverse shear and rotatory inertia may be written using the principal of virtual work [97]. 
For the present case this yields [95]: 

9/V, / 9a, + dN 6 / dx 2 = I x u + 7,0, - y I 3 dw/ 9a, ; 

9 N 6 / 9a, + 9 N 2 / 9a 2 = 7', v + 1\_ (f 2 - Y 7' 3 9w/9a 2 ; 

9(2,/ 9a, + 9(2? / 9a 2 — y (4/ /i~)(9Pj / 9a, + 9PT 2 /9a 2 ) 

+ y(4/3/r 2 )(9 2 P, /9a 2 + 9 2 P 2 /9a 2 + 29 2 P 6 /9a,9a,) - /V, /P, - iV 2 / P 2 
+ N x d 2 w/dx x +N x d 2 w/dx; + N X[X2 d 2 w/dx x dx 2 = (3.15) 

y 7 3 9u/9a, +y 7 5 99,/9a, +y I 2 dv/dx 2 +y J' 5 d<p 2 ldx 2 + /, vv 
-y (16/ 7 /9/i 2 )(9 2 w/9a, 2 + 9 2 w/9a 2 )-^; 

9M,/9a, +9M 6 /9a 2 — <2, +7 (4/ h 2 )K x -y (4/3/i 2 )(9P,/9a, + 9P 6 /9a 2 ) = 7 2 ii + 7 4 0, -y 7 5 9w/9 a,; 

9M 6 / 9a, + 9M 2 /9a 2 — <2 2 y (4/ h~)K 2 — y (4/3 h~)(dP 6 / 9a, + 9P 2 /9a 2 ) = 7 2 v + 7 4 0 2 — y I 5 dw/dx 2 , 

where q{x v x 2 q) is the distributed transverse load . 77; , M; , etc. are the stress resultants. The 
inertias // and I t , i = 1, 2, 3, 4, 5 are defined by [95] 

7, = /, +y 2/,/P, ; 7; = / 2 +y 2/ 2 /P 2 ; 

7 2 = / 2 + / 3 /P, -y 4/ 4 /3h 2 —y 4/ s /3/z 2 P, 

T 2 = I 2 + / 3 / P 2 - y 4IJ3h 2 - y 4/ 5 /3/z 2 P 2 ; Z 3 = 4/ 4 / 3/r + 4/, / 3/i 2 P, ; 

7; = 4/ 4 /3/r +4/ 5 /3/rP 2 ; 
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1, = i,-y 8/ 5 /3A 2 + / 16/ 7 /9// 4 ; I' = / 3 -y 8I s /3h 2 +y 16/ 7 /9 /i 4 ; 


(3.16) 


I 5 = 4/ 5 / 3/z 2 - 16/ 7 /9 /z 4 ; I' = 4/,/3/r - l6/ 7 /9/i 4 ; 


(/„/„/ 3 ,/4,/s./7) = 2: Jp tM (i,C,C 2 ,C 3 .C 4 .CVC; 

where p (i:) is the mass per unit volume of the £th lamina. 


3.2.5 The Laminate Constitutive Equations 

It can be clearly seen from Equation (3.14) that the stresses in a composite laminate 
vary from layer to layer and hence a statically equivalent force and moment system is 
required for analysis. These stress resultants are expressed as [95] 


W n M„P,) = S I <r, a) (l, C> C)dq , i= l 2, 6 ; 


02i.^i) = S f<jf(U 2 yg; 


(3.17) 


(Q,,k 2 ) = X j of >(1, C Vg 

W, = A y e ; ° + 5, y /c° + ; M. t = 5, y e° + D, y K° + y J 5 

Pi = Pi/j + P'jKj + Hij*) . i,j = 1,2, 6, 


(3.18) 


Q 2 =A, j e°j+y D A] k) ; 


* a = D 4y e; + F 4 ,Jc); 


a = AA°+r Af!; 


= Ay £ ° + Ay^y » j ~ 4 > 5 


(3.19) 


where A, y , B q , D, y , £ y and H tJ are the laminate stiffnesses expressed as 


= £ J a»a f. C 2 . f’. C‘, O dC , i,i • 1, 2,.., 6 


y y ’ v ’ u ’ ij’ ij 


(3.20) 
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The equations for FSDT can be obtained by setting y = 0. With help of FSDT, the CLT . 

equations can be obtained as discussed earlier. 

Substitution of the above equations for curved panels into the constitutive equations 
and then into Equations (3.15), we obtain the equilibrium equation in terms of displacements. 
The equations of motion may now be written as 

L A = F (3.21) 

where A = (u v w (j) 2 <p x J and F = (0 0 q 0 0 ) r for HSDT & FSDT, 

A = {u v w J and F = (0 0 q) T for CLT and L is a matrix of differential operators. 

The above equations are valid for laminated composite curved panels. In the next 
section, we develop: (1) equilibrium equations, (2) strain-displacement relations, and (3) 
constitutive equations, for spherical panels, cylindrical panels and rectangular plates. 

3.3 Spherical Panels 

3.3.1 Equilibrium Equations 

Substituting the geometry definitions for spherical panels (Figure 3.2) into Equations 
(3.15), we get 

dN { / dx x + dN 6 / dx 2 = I x u + 7 2 0, - I 3 dwf dx { ; 
dN & / dx { + dN 2 / dx 2 =7', v + 1\ (f) 2 - 7' 3 / dx 2 ; 

(3.22) 

dQ l / 9x 1 + 3<2, / dx 2 - (4/ h l )(dK l / dx { + dK 2 /dx 2 ) 

+ (4/3h 2 )(d 2 P l /dx x + d 2 P 2 /dx . 2 + 2 d 2 P 6 /dxfa)- (A, + N 2 )/R 
+ N x d 2 w/dx 2 + N x d 2 w/dx 2 + N x ^d 2 w/dx l dx 2 = 

I 2 du/dx l + I 5 d(/) l /dx l + I 2 dv/dx 2 + I' 5 d(f 2 /dx 2 + I l w-(l6I 7 /9h 2 )(d 2 w/dx 2 +d 2 w/dx;)-q‘ 


5M, /dx t + dM 6 /dx 2 -Q x + (4//r)A, - (4/3 h 2 )$P x !dx { + dPJdx 2 ) = I,ii + 7 >', - I.dwidx, 
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3M 6 /3j c, + dM 2 /dx 2 - <2’ +(4/h 2 )K 2 - (4/3/z 2 )(9P 6 / 9 .v, + 3F-, /9x,) = 7 7 v + 7'0 : -I' 5 dw/dx 2 , 

where the modified inertias 7' and 7, , i = 1, 2, 3, 4, 5, 7 (Figure 3.2) are given as: 

/, = /, +r 2/3//?; 7 ; = /, +y 2/3//?; 

7, =I 2 + I 3 /R-Y 4/4 /3/r - / 4/ s /3 /i 2 7? 

7' = /, + / 3 //? -r 4/ 4 I3h 2 — y 4/ s /3h 2 R; 7 3 = 4/ 4 /3/r 2 + 4/ 5 /3/i 2 i? ; 

7: = 4/ 4 /3/i 2 +4/ 5 /3/z 2 /?; 

7 4 =/ 3 -y 8/ 5 /3/i 2 +/ 16/ 7 /9/r 4 ; 7; = / 3 -y 8/ 5 /3/z 2 +y 16/ 7 /9 /i 4 ; (3.23) 

Jj = 4I 5 /3h 2 - 16/ 7 /9/z 4 ; 7; = 4/ s /3/r - 16/ 7 /9/z 4 ; 

(/„/„/„/,,/„/,)= 2 Jp w (i,C,C 2 ,C 3 ; C 4 .CVC; 





Figure 3.2: Geometry of spherical element 
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3.3.2 Strain-Displacement Relations 

There is no change in Equation (3.9). Using geometrical parameter given in Figure 
(3.2), Equations (3.10) and (3.11) can be redefined. The modified equations are given by: 

£,° = du/dx l + w/ R; K,° = d(j) l / 3x, ; k 2 = -(4/3/i 2 )(30, / 3x, + 3 2 vv/3x 2 ) ; 

£ 2 = 3v/ dx 2 + w/R\ k 2 = 30 2 / 3x 2 ; k 2 = -(4/3/z 2 )(3</> 2 /3x 2 + 3 2 w/3x 2 ) ; 

+ 3w/3jc 2 ; k\ = -(4//i 2 )(0 2 + 3w/3x 2 ); £5 - ^ + 3w/3x, ; (3.24) 

Kg = -(4//r)(0, + 3w/3x, ); £5 = duJdx 2 + 3v/3x, ; K° = 30 2 / 3x, + 3©, / 3x 2 ; 

Kg = -(4/3h 2 )(d<j) 2 / 3x, + 30, / 3x 2 + 23 2 w/3x,3x 2 ) . 

£° = 3u /3x, + w/i? ; s 2 = dv/dx 2 + w/R ; £° - C,<j) 2 + dw/ dx 2 ; 

£° = C,(j), + 3w/3x, ; £° = 3u / 3x, +3 v/ 3x, ; 

k° = C, (3<|), / 3x, ) ; k 2 = C,(30 2 /3x 2 ) ; Kg = C, (3(f)-, / 3x, + 3<j> x / 3x 2 ) ; (3.25) 

k 4 = — 3C' 2 4> 2 -3C 4 e 2 ; Kg = -3C 2 <t>, -3C 4 9,; 

k 2 = -C 2 (3<|), /3x,) - C 4 (39, / 3x, ) ; k 2 = -C 2 (3c{) 2 / 3x 2 )-C 4 39 2 / 3x 2 ) ; 

Kg = -C 2 (3<j) 2 / 3x, + 3(1), / 3 x 2 ) — C 4 (39, / 3x 2 + 39 2 / 3x, ) . 

3.3.3 Constitutive Equations 

Equations (3.18) and (3.19) represent the constitutive relation. However, the modified 
definition of strain-displacement relations must be as shown in sub section 3.3.2. 
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3.4 Cylindrical Panels 

3.4.1 Equilibrium Equations 
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Using the geometrical definitions of cylindrical panels given in Figure 3.3, Equations 
(3.15) become 

d/V, / dx, + dN 6 / dx 2 = I x u + /,</>, - 7 3 dvi>/dx, ; 
diV 6 /dx, + dN 2 / dx 2 =I\ v + 7', (fi 2 - T, dw/ dx 2 ; 

(3.26) 

dO, / dx, + dQ 2 ldx 2 ~(4/h 2 )(dK { / dx, + d£T 2 / dx 2 ) 

+ (4/3 h 2 )(d 2 P x / dx 2 + d 2 P 2 /dx 2 + 2d 2 P 6 / dx,dx 2 ) — N 2 / R 
+ N . d 2 w/dx, 2 + /V d 2 w/dx 2 + N d 2 w/dx , dx., 

= 7 3 d«7dx, + 7 5 d0, / dx, + 7 3 dv/dx 2 + 7 3 d</> 2 /dx 2 + I { w — (16I-, J9h 2 )(d 2 w/dx 2 + d 2 w/ dx 2 ) — q; 
dM, /dx, + dM 6 / dx, - 2, + (4 //i 2 )£, - (4/3/z 2 )(dP, /dx, + dP 6 /dx 2 ) = 7,u‘ + - 7 3 dw'/dx,; 

dM 6 / dx, + dM 2 /dx 2 - <2 2 + (4/ h 2 )K 2 - (4/3/i 2 )(dP 6 / dx, + dP 2 /dx 2 ) = 7 2 v + 7> 2 - 7 5 '3w/dx 2 , 

where the modified inertias Tj' and /). (Figure 3.3) are given as: 

7, = /,; 7' = / 2 + y 2/ 2 /P; 7, = / 2 -y 4/ 4 /3/* 2 ; 

7 2 = / 2 + / 3 /P-y 4IJ3h 2 - r 41, l3h 2 R; 7 3 = 4/ 4 /3A 2 ; 

I,=4I 4 /3h 2 +41, /3h 2 R; 

7 4 = / 3 - y 8/ 5 /3/i 2 + y 16/ 7 /9 /i 4 ; 7; = / 3 - y 8/ 3 /3fc 2 + y 16/ 7 /9/* 4 ; 

7 5 = 4/ s /3h 2 - 16/ 7 /9/z 4 ; 7 3 ' = 4/ 3 /3/i 2 - 16/ 7 /9/i 4 ; 

(/„/ 2 ,/ 3J / 4 ,/ s ,/ 7 ) = i jp w, a.c,c 2 ,c 3 ,c 4 .c # K; 


(3.27) 
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5 



Figure 3.3: Geometry of cylindrical panel element 

3.4.2 Strain-Displacement Relations 

The strain-displacement relations are obtained by using Equations (3.10) and (3.11) 
and cylindrical panel geometry definitions (Figure 3.3): 

e° = 3 w/ 3 x,; TC? = 30 l / 3 x 1 ; Kf =-( 4 / 3 /i 2 )( 30 1 / 9 x 1 +d 2 w/dx j 2 ); 
s° = 3 v/ 3 x 2 + w/R ; k 2 = 30 2 /dx 2 ; k 2 =-( 4 / 3 /z 2 )( 30 2 / 3 x 2 + S^w/dx;); 

e 4 ° = 0 2 + 3 w/ 3 x 2 ; k 4 = -( 4 //i 2 )( 0 2 + 3 w/ 3 x 2 ); s° = 0 , + 3 w/ 3 x, ; ( 3 . 28 ) 

k-j = -( 4 //z 2 )( 0 , + 3 w/ 3 x,); £ 6 ° = 3 m/ 3 x 2 + 3 v/ 3 x,; kt° = 30 2 / 3 x, + 30 , / 3 x 2 ; 

/c"g = -(4/3 /z 2 )(30 2 /3x, + 30, /3x 2 + 23 2 w/ 3x,3x 2 ) . 


£“=3m/3x,; £ 2 = 3v/3x 2 + wl R ; s 4 = C,0 2 + 3w/3x, ; 
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£5 =C,<j), + 3w/3x, ; £g = du/dx 2 + 3v/3x, ; 

k“ = C, (34> 1 / 3x, ) ; kI = C, 0 <t> 2 /dx 2 ) ; = C, 0<|) 2 / 3x, + 3(1), / dx 2 ) ; (3.29) 

k‘ = -3 C 2 <t> 2 - 3C 4 9 2 ; Kg = -3C 2 <|), - 3C 4 9, ; 

k 2 = -C 2 (3(j), /3 x,) - C 4 (39, / 3x, ) ; k 2 = -C 2 (34 > 2 / 3x 2 ) - C 4 30 2 /3x 2 ) ; 

Kg = — C 2 (3 <(> 2 / 3x, + 3(>, / 3x 2 ) - C 4 (30, / 3x 2 + 39 2 / 3x, ) . 

3.4.3 Constitutive Equations 

Equations (3.18) and (3.19) can be used by including the parameter definitions given 
in Figure 3.3. The nature of the equations would be the same. 

3.5 Rectangular Plates 
3.5.1 The Equilibrium Equations 

Adopting the geometrical definitions of cylindrical panels given in Figure 3.4, 
Equations (3.15) become 

3 IV, / 3x, + dN 6 / 3jc 2 = 7, it + I 2 ij) { - 1 3 3w/3x, ; 

dN 6 / 3x, + dN 2 / 3x 2 = 7', v + J\ (f> 2 - 7' 3 3w/ 3x 2 ; 

3<2,/3x, + 3<2 2 / 3x 2 — (4/ h 2 )(dK x /dx { + 3if 2 / 3x 2 ) + (4/3 /i 2 )(3 2 F1 / 3x 2 + 3 2 P 2 /3x 2 
+ 23 2 P 6 / 3x,3x 2 ) + N x d 2 w/ 3x, 2 + N x d 2 w ldx\ + N x ^ x d 2 wl 3x, 3x 2 = 7 3 3it / 3x, (3.30) 

+ 7 5 30,/3x + 7 3 3v/3x 2 + 7 j30 2 /3x 2 + I l w-(l6I 1 /9h 2 )(d 2 w/dx 2 + 3 2 w/3x 2 ) - q; 

3M, /3x, + 3Mg /3 x 2 - <2, + (4/ A 2 ) AT, - (4/3h 2 )(dP l / 3x, + 3P 6 / 3x 2 ) = 7 2 u + 7 4 3, - 7 5 3w/3x,; 

3M 6 /3x, + 3M 2 /3x 2 - 2 2 + (4/A 2 )AT 2 - (4/3/i 2 )(3P 6 /3x, + 3P 2 /3x 2 ) = f'v + 7^ 2 - I'dw/dx 2 , 
where the modified inertias 7/ and 7^. , (Figure 3.4) are given below: 

trrefrr sfNfrfoft 
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/>/,; />/,; 


/ 2 = / 2 -y4/ 4 /3/r; 


I: = /,: 


/' =4/ 4 /3/r; 


^ = h ; 


/ 4 = /, -r 8/, /3/i 2 H-r I61 7 /9h 4 ; 


^ ; 


(3.31) 


/ 5 = 4I i /3h 2 - L6/ 7 /9/z 4 ; 


£ = / s ; 


C* 





Xi 

Figure 3.4: Geometry of Plate element 

3.5.2 Strain-Displacement Relations 



The strain-displacement relations are obtained by using Equations (3.10) and (3.11) 
and the geometrical relations as defined in Figure 3.4 for plates: 


e,° = du / 3x, ; k,° = 30, / dx, ; 


Kf = -(4/3/z 2 )(0^| / Ox, + 0 J w/0x,’ ) ; 
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S 2 = 3v/3x 2 ; k 2 =30 2 /3x 2 ; K 2 = -(4/3/; 2 )(30 2 /3x 2 + 3 2 w/3x 2 ) ; 

E° = <p 2 + 3w/3x, ; k 4 = -(4/h 2 )((j) 2 +dw/dx 2 ) : £° = 0,+3w/3x,; (3.32) 

k\ = -(4 / /r )(0, + 3w / 3x, ); £g = 3u / 3x 2 + 3v / 3x, ; KTg = 30 2 / 3x, +3 0, / 3x 2 ; 
k 6 2 = -(4/3h 2 )(d4> 2 / 3x, + 3^, /3x 2 + 23 2 w/ 3x,3x 2 ) . 

£, 0 =3u/3x,; £ 2 =3v/3x 2 ; e° =C,(j ) 2 +3w/3x 2 ; 

£5 = C,(j), + 3w/3x, ; £g = 3 m / 3x 2 +3v/3x, ; 

k° = C,(3<t>, /3x,) ; k 2 = C,(30 2 /3x 2 ) ; Kg = C, (3<j> 2 /3x, +30, /3x 2 ) ; (3.33) 

K 4 = — 3C 2 4 > 2 - 3C 4 0 2 ; Kg = -3C 2 <t>, - 3C 4 8, ; 

k 2 = -C 2 (3(j), /3x,) - C 4 (39, /3x, ) ; k 2 = -C 2 (3<j ) 2 /3x 2 )-C 4 30 2 / 3x 2 ) ; 

Kg = -C 2 (30 2 / 3x, + 30, /3x 2 ) - C 4 (30, / 3x 2 + 30 2 /3x,) . 

3.5.3 Constitutive Equations 

Equations (3.17), (3.18) and (3.19) can be used by including the parameter definitions 
given in Figure 3.4 for plates,. The nature of the equations would be the same. 

Substitution of the respective equations for spherical panels, cylindrical panels and 
rectangular plates into the constitutive equations and then into Equations (3.22), (3.26) and 
(3.30), respectively, we obtain the equilibrium equation in terms of displacements for each 
case corresponding to Equation (3.21) for curved panels. These can also be written 
symbolically as 
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L A = F , (3.34) 

where, the elements of the differential operators L for rectangular plate, cylindrical and 
spherical panels are given separately in Appendix A. 

The present study is concerned with the modeling of system parameters as random 
variables. This implies that the system parameters do not vary spatially and are also 
independent of time. The external excitations have been modeled as a random process in 
time. The solution technique for the deterministic analysis changes with stacking sequence 
and the edge support conditions of the laminated panel. When two opposite edges are simply 
supported and with other two side edges having a combination of free, fixed and simple 
support, a Levy type closed form solution is possible in conjunction with state space 
approach [102, 103] for cross-ply laminates, where the following laminate stiffness 
coefficients, A. 6 , B ;6 , D ;6 , E i6 , F i6 , H i6 =0, / = 1, 2; A 43 , D 45 , F 45 are identically equal to 
zero. The Navier type solution is also possible for cross-ply laminate with all edges simply 
supported. The two above-mentioned techniques can be used to obtain inhomogeneous 
ordinary differential equations in time with random coefficients and random input. For 
combinations of edge supports and stacking sequences that are not amenable to exact solution 
approach, the inhomogeneous ordinary differential equations with random coefficients and 
random input can be obtained by employing series type solutions, approximate energy and 
variational methods, finite element method (FEM) and other numerical techniques. In this 
study the FEM has been adopted. Further solution of differential equations obtained either 
using classical approach or FEM for buckling, free vibration, and forced vibration problems 
is not straight forward as in deterministic analysis. 
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3.6 Strain Energy Of The Laminate 


The elastic strain energy of a laminated composite panel undergoing deformation 
under the action of external loads is, 


U =-f£ r DzdA\ 

2 A 


(3.35) 


where 


k: k; k: 


K «! k; e; e? < k, } T ; 


D = 


A1 B1 E 
B1 D1 FI 
E FI H 
0 0 0 
0 0 0 


0 0 
0 0 
0 0 ; 
A2 D2 
D2 F2 


(3.36) 


(3.37) 


with 


47-1,2,6; (3.38) 

ksa[ 


N C 


(A2..,D2..,F2,)=J J /fi«aC a .C 4 )rfC. W = 4,5. 


*= l ?*., 


(3.39) 


3.7 Work Done By External Loads 

The work done by the applied in-plane forces and transverse external loading in 
producing out of plane displacement V in the domain of small displacement is, 



(3.40) 
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3.8 The Kinetic Energy: Vibration 


The kinetic energy of a vibrating panel in bending within domain of small displacement 


is 


T = -f( EjO p [k) n T n) dC, dA ; 

where u is the global displacement vector given by 
u = {IT v w) . 

Using Equation (3.7), the above equation can be written as 
u = N A; 


(3-41) 


(3-42) 


(3.43) 


where 


■ 


0 

0 

0 

ACC) 

0 

ACC)' 


N = 


0 

(i+£/K) o 

ACC) 

0 

ACC) 

0 

; for spherical panel 


- 

0 

0 

1 

0 

0 

0 

0 



'1 

0 

0 

0 

ACC) 

0 

A (O' 



N = 

0 

(i + C/i?) o 

ACC) 

0 

ACC) 

i 0 

; for cylindrical panel (3.44) 


L° 

0 

1 

0 

0 

0 

0 




"l 

0 0 

0 

ACC) 

0 

ACC)' 

i 



N = 

0 

1 0 

ACC) 

0 

ACC) 

0 

for plate 



0 

0 1 

0 

0 

0 

0 





Using Equation (3.43), the Equation (3.41) can be rewritten as 

T = -\(y j \i t p w A r N r N A dQ dA = — J A r m A dA ; (3.45) 

2 a 2 a 

where m is the inertia matrix, and is given as 

m = 2/f ‘ P ik) N r 


(3.46) 
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3.9 Finite Element Model 

Whenever possible, exact solutions are sought by the analyst. However, such exact 
closedform or series type solutions, which employ traditional variational methods, become 
complex and are very difficult/impossible to obtain for structures with complex geometries, 
arbitrary discontinuous loads, or discontinuous material properties/ or boundary conditions. 
With the advent of computers, the FEM has been found to be a very versatile tool for solving 
such complex, real life problems. It utilizes the traditional philosophy of variational methods 
to obtain the algebraic equations. The domain is divided by surfaces into a number of sub- 
domain that are commonly known as finite elements and the coordinate functions are 
developed over each of these elements employing the interpolation theory. The elements are 
assumed to be connected to one another at a number of discrete points, known as nodes. The 
interpolation functions that represent geometry and the function are known as shape 
functions. Depending on the order of shape functions that are used to represent the functions 
and geometries, various types of elements, such as isoparametric, sub-parametric and super 
parametric elements can be obtained [104], The formulation of isoparametric elements is 
based on nondimensionalized local curvilinear triangular or tetrahedral coordinates so that the 
numerical integration can be easily performed. Because of accuracy and efficiency in terms 
of minimum number of integration points, Gaussian quadrature has found extensive 
application for numerical integrations. In the present thesis, nine noded isoparametric 
Lagrangian elements have been employed for plate, spherical and cylindrical shallow panels 
projected in rectangular plan form. 

In the finite element method, the domain is discretized into a set of finite elements. 
Over each of these elements, the displacement vector A is represented as, 

AW 

A = I(P; A ; ; 

1 = 1 


(3.47) 
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where cp ; is the interpolation (shape) function for the /th node [104,105], A,, is the vector of 

unknown displacements for the /th node and MV is the number of nodes per element. 

The element geometry is also represented by same interpolation functions. 

x, = 1(P, x u 

(3.48) 



i = l 


The strain vector given in Equations (3.11) and (3.36) may be written as 

£ = 9\A (3-49) 

where, is a matrix of differential operators. 


3.9.1 Mechanical Strain Energy 

The functional is computed for each element and then summed over all the elements 
in the domain to get the total functional for the domain. Following this. Equation (3.35) can 
be written as 


NE . , 

U = ££/ (e) 

e-\ 

= £ — \s T D e dA 

where, NE is the number of elements. 

From Equations (3.49) and (3.50), we get 

(/ w =-LA t 5R t DSRA dA. 

2 

Further, substituting Equation (3.47) in the above equation, 

U M =- f A™ B T DB A M dA ; 

2 A (e) 


(3.50) 


(3.51) 


(3.52) 


= A™ K w A (e) . 


(3.53) 



Chapter III: General Formulation 


59 


Here B is the strain displacement matrix and A 1 *' 1 is the elemental vector displacement 
obtained by assembling nodal displacement vectors and 

B = [B, B 2 ...JBj with (3.54) 

B, =9t<p,.; (3.55) 

where B ; is strain displacement matrix for the i th node (Appendix B) and K (e) is the element 
bending stiffness matrix given as 

K w = ij A „, B r D B dA. (3.56) 

Transforming from existing coordinate system to natural coordinate system r \ , the element 
stiffness in Equation (3.56) can be represented as 

K< e> =/l 1 jl l B i T DB.det Jd^dri. (3.57) 

Here 


J = 


dx t dx 2 

aF Jn 

3x t dx 2 


(3.57) 


When numerical integration is adopted, the element stiffness matrix given in Equation (3.57) 
becomes, 


Bjdet /; 

L p-iq=\ 


(3.58) 


where, W p , W q are weights used in Gaussian quadrature [104]. 


3.10 Summary 

General equations for multi-layered laminated composite curved panels based on 
higher order deformable displacement field suggested by Reddy and Liu [95] have been 
presented. A procedure has been suggested to convert these equations to CLT and FSDT 
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form if needed. Further, the displacement field model hits been rccasted which enables us to 
employ a C° continuous element for the finite element analysis. The equilibrium equations, 
strain displacement relations and constitutive equations for spherical panel, cylindrical panel 
and plates are obtained from the curved panel equations. 

In Chapter IV, the specific formulation along with probabilistic analysis procedure using first 
order perturbation stochastic classical approach (SCA) and stochastic finite element method 
(SFEM) are presented for composite panels with random material properties. The second 
order statistics of buckling loads are obtained for composite laminated laminates, cylindrical 
and spherical shallow panels. 

In Chapter V, the specific formulation with random analysis procedure for free vibration 
problem with random material properties using SCA and SFEM are presented. The second 
moments of natural frequencies are obtained for composite laminates, cylindrical and 
spherical panels. 

In Chapter VI, a similar study for forced vibration problem with random material properties 
to random loading is presented using SCA and SFEM. The second order statistic of 
displacement are obtained for composite laminates, cylindrical and spherical panels. 



CHAPTER IV 


BUCKLING OF COMPOSITE PANELS 


4.1 Introduction 

B 

The increasing use of high strength and stiffness materials in recent times for 
structural component design and the need to produce light weight and optimized structures 
have lead to widespread adoption of thin walled components in aerospace structures. 
Buckling in any form either precipitates or hastens the collapse of such structures. The 
aerospace structures, in general, experience complex loading during service life. Buckling 
may occur in these structures in a variety of forms such as global or local and avoiding 
buckling failure is an essential requirement in the design of optimized structural components. 

As pointed out in Chapter II, some literature is available on the analysis of metallic 
structures with random material properties while very limited literature is available on the 
study of composite structures with random material properties. Further, to the best of authors’ 
knowledge, not much information is available on buckling analysis of composite beams, 
plates and shells, with parameter uncertainties. It is also seen that no attempt has been made 
to study the buckling problem in the presence of uncertainties by taking transverse shear into 
account. A large volume of information is available on the deterministic buckling analysis of 
beams, plates and shells using various shear deformation theories [96, 106-110]. In this 
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chapter an attempt is made to study the buckling response of composite laminated plates, 
cylindrical and spherical panels with random material properties, taking into account 
transverse shear effects. As mentioned in Chapter III, the lamina material properties are 
modeled as the basic random variables. The FOPT has been adopted to handle the random 
scatter. Efficacies of the three theories - classical laminate theory, first-order shear 
deformation theory and higher order shear deformation theory on dispersion in the buckling 
load has been examined. Though the comparison of the performances of these theories is well 
understood for deterministic cas£, that is, the mean buckling load, their performance with the 
buckling load dispersion has not been reported. 

This Chapter outlines a probabilistic methodology for application of classical 
approach in conjunction with first order perturbation technique (SCA) to solution of random 
characteristic equation of buckling evolved from random variation of lamina material 
properties. This Chapter also outlines finite element method with first order perturbation 
technique (SFEM) to the uncertain standard eigen value problem of buckling arising from 
uncertain variation of lamina material properties 

4.2 Stochastic Classical Approach (SCA) 

For cross-ply laminates with all edges simply supported, exact Navier type solution is 
possible. When exact solution is combined with probabilistic method, it is possible to analyze 
the random characteristics equation arising from buckling of composite laminates. In this 
section, a detailed study is presented to obtain the second order statistics of the buckling loads 
for composite plates, cylindrical and spherical panels using stochastic classical approach. 
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4.2.1 Formulation 

The boundary condition for all edges simply supported plates and cylindrical and spherical 
panels can be stated as: 

u = w = N 2 = M 2 - 0, = 0 ; at x, = 0 ,b, 

v = w = N l = M[ = = 0 ; at x, = 0, a . 


The coordinate systems used are as specified in Chapter III. 

The displacements satisfying all the boundary conditions can be expressed i^ the 
following form for panels with all edges simply supported: 


u ~ mn fi ( jq ,x 2 )] 

m,n - 1 

where 


SF mn / 2 (x pjr,); 

m,n~t 

<t>2 = 

m,n=l 


w = 'ZW mn f 3 (x x ,x 2 ); 

m,n~l 

(4.1) 


/i (*i > A ) ~ cosfou, ) sin((3x, ) ; /, (jq , x 2 ) = sinfcqx) cos((3jc 2 ) ; 

(4.2) 

fi(x l ,x 2 ) = sin(ax l )sin($x 2 )-, a = nm/a-, $ = nn/b. 

Substitution of Equation (4.1) into Equation (3.34) results in a homogeneous system of 
equations 


IMykj - 0 (4.3) 

J = l 

where k is a constant column vector and i, j= 1, 2, ..., 5 for HSDT and FSDT, and i, j=l, 2, 3 
for CLT. For a nontrivial solution of k in Equation (4.3), the determinant of coefficients 
should be zero: 



Equation (4.4) can be written in expanded form as 
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a u 


« 13 

Cl 14 

a !5 


a v _ 

a v> 

^24 

a z5 

a 3I 

Oy. 

«33 “ N cr 

a 34 

«35 

«4I 

Cl Al 

«43 

^44 

^45 

fl 5t 

a 52 

fl 53 

^54 

a 55 

a { 1 

a n 

fl 13 



Cl 2 ^ 


^23 

= 0, 



^32 

^33 ~ ^ cr 




= 0 , 


for HSDT and FSDT, 


(4.5) 


for CLT 


(4.6) 


where the expression for critical buckling load is given as 

N cr = N Xi + N Xi /3 2 /a 2 + N XiX2 af3 / a 2 (4 ' 7) 

In Equations (4.5) and (4.6), af s are functions of system stiffness and wavelength 

parameters a and /3 . 

Expanding the above determinant (Equations 4.5 and 4.6) gives the expression for N cr in 


terms of a n 


N rr = F {a B ) 


(4-8) 


The stiffness elements a., are random in nature, being dependent on the system material 
properties, consequently, the buckling loads are also random. 


4.2.2 Second- Order Statistics of Critical Buckling Loads- A 
Perturbation Approach 

Consider a class of problems where the random variation of the material properties is 
very small compared to the mean value. Most engineering structures, including composites 
fall under this class. Further, it is quite logical to assume that the dispersion in derived 
quantities like a* and N* are also small as compared to their mean values. 
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A random variable may be split up as the sum of its mean and the zero mean random part as. 


= N cr + N r „ ; a. tj = a tJ + a. ; (4.9) 

where, over bar denotes mean value, superscript ‘R’ denotes random variable and superscript 
*r’ denotes zero mean random parts. 

Substitution of Equation (4.9) in Equations (4.5) and (4.6) results in 


a \l 

-L. 

i 


d\2 

+ 

_ r 

Cl 12 


*\3 

+ <3 


a u 

+ 

<4 

*15 

+ 

a l 5 


a 2[ 

+ 

a z\ 

Cl 22 

+ 

Cl 22 


Cl 23 

■+■ Cl^ 3 


^24 

+ 

$24 

*25 

H- 

*25 


a i\ 

+ 

< 

a 32 

+ 

d 32 

a 33 

+ a 33 

-N cr - 

-K 

< 2 34 

+ 


*35 

+ 

*25 

= 0, for HSDT andFSDT, 

a A\ 

+ 

^42 

a 42 

+ 

Cl 4 2 


^43 

+ a r 43 


^44 

+ 

<1 

*45 

+ 

*45 


*51 

+ 

*51 

Cl 52 

+ 

Cl 52 


a 53 

+ a 53 


a 5 4 

+ 

a 54 

*55 

+ 

*55 


and 
















(4.10) 

*u 

+ 

*n 

a U 


Cl [2 


a , 3 

+ a r l3 









Cln\ 

+ 

a 2\ 

Cl 22 

+ 

^22 


*23 

+ a r 23 


= 0 , 




for CLT. 

*21 

+ 

*2\ 

a 32 

+ 

a 32 

a 33 

+ a 33 - 


■K 









Expanding Equation (4.10) and collecting same order of magnitude terms and retaining terms 
only up to first order, we obtain the following relations, which in a symbolic form are 
Zeroth order: N cr = F(a i] ) ' (4.11) 

First order: N r „ = F(a,;,aLN er ) ■ (4.12) 


First order: N r cr = F{a .. , a r . , N cr ) 


The detailed equations are placed at Appendix C. 

Equation (4.11) is a deterministic equation relating only the mean quantities. The mean value 
of buckling loads can therefore be obtained by any of the standard solution procedure [102]. 
For the present case a f. and N* are random because the material properties are random. Let 

d* , d* ,d* denote the random material properties. Following Equation (4.9) the d* can 

also be expressed as 

dj*=dj+d'j 

\ 


(4.13) 
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According to Taylor ,s rule when d r } is small compared with its mean value, we can expand 
a * and N* r about d Jt j= 1, 2, , m. Keeping only the first order terms, we obtain 


AC = l^crA ; 

7 = l 


a ik ~ ^ a ik,j^j ’ 
7 = 1 


(4.14) 


where ,y denotes the partial differentiation with respect to 4* and the derivatives are 
evaluated at d r The terms N cr j are still to be evaluated. Inserting Equation (4.14) in 
Equation (4.12) and comparing coefficients of random variables gives a set of simultaneous 
equations in these unknowns. Solution of this set yields the expression for N cr J in the 
symbolic form 


N crJ= F ( a ik> a ik.j’ N cr) 


(4.15) 


Use of Equation (4.15) in the first of Equation (4.14) yields the expression of N r cr in known 
terms. Using the basic definition of the variance [19, 111], the expression for the variance for 
the critical buckling load is obtained from Equation (4.14) as 


Var(N cr ) =E 


lN crJ d^N crk d r k 


7=1 


ifc = l 


m m — — f 1 

= 2 1 

j=l k=i 

mm 

= 22N crJ N cr _ k Cov(d r j,d r k ) 


(4.16) 


where E[ ] stands for expectation and Cov(dj,d k ) is the cross covariance between d r . and 


d[. 


4.2.3 Results and Discussion 

The procedure developed in the previous section is employed to evaluate the second 
order statistics of critical buckling loads of anti-symmetric and symmetric, cross-ply, 
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rectangular laminates, cylindrical and spherical panels with all edges simply supported. The 
following mean values of material properties of graphite/epoxy composite are employed for 
the computation: E xx = 40E 3 2^ G l3 = G 13 = 0.6 £22 1 G 33 0.5£ l 22’ ^12 0.25 [112], where E xx 

and denote the longitudinal and transverse elastic modulii, respectively; G u is the in 
plane shear modulus; G [3 and G 23 are the two out of plane shear modulii; and v l2 denotes the 

Poisson ratio. All plies are assumed to have the same thickness and orthotropic material 
properties along the material axes. The shear correction factors required for FSDT are taken 
to be 5/6 [112], 

The elastic properties of the composite lamina are modeled as the basic variables. 
These RVs d* are sequenced here as d R = E R , d* = E 22 , d* = G X2 , d* = G 13 , d* = G 2 fl 3 

and d* =v? 2 , for HSDT and FSDT, and df = E*, d* = E&, d* = G^and d* =v*, for 
CLT. 

The mean critical buckling loads have been nondimensionalised as 
N cr =N cr b 2 /(E^h 3 ) . The variances of the nondimensionalised buckling loads have been 

normalized with the corresponding mean values. The effects of the dispersion in the material 
properties on the nondimensionalised buckling load have been obtained for cross-ply panels 
by taking the ratio of the SD to mean varying from 0% to 20% [51]. Results have been 
computed with all the basic properties simultaneously considered as random. Results have 
also been computed by taking only one property to be random at a time while all others to be 
deterministic to study the sensitivity of the response to individual material property 
dispersions. Panels with two stacking sequences [0°/90°] and [O 0 /9O°/9O°/0 0 ] have been used 
for this study to bring out the effect of anti symmetry and symmetry in the stacking sequence. 
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42.3.1 Buckling Load: Composite Plates 

Validation study 

Figure 4.1 shows the comparison of the results obtained from the present approach 
with Monte Carlo simulation for [0°/90°] laminated plate using the three plate theories. 
Results have been compared for a square laminate of thickness ratio, b/h=10 with only E n 
assumed to be random. The comparison will serve to validate the applicability of the present 
FOPT approach. For the MCS technique, the material property samples are obtained by 
generating a set of random numbers to fit the desired mean and standard deviation (SD). 
NAG library subroutine G05FDF has been employed assuming the material properties to 
follow Gaussian distribution. However, the perturbation approach used in the study does not 
put any limitation on the distribution of material properties as only the second order statistics 
is utilized. Based on convergence, the number of samples used for the study is 10000. These 
values are used in Equation (4.8), which is solved repeatedly to generate a sample of the 
buckling load. This sample is then processed to obtain the mean and the variance. The 
comparison has been presented for MCS and FOPT results with the three plate theories - 
CLT, FSDT and HSDT. It is observed that the FOPT results are in close agreement with the 
MCS. 

Second order statistics 

Results have been computed for a plate having aspect ratios b/a=l, 2 and 3 and 
thickness ratios b/h=10 and 100 with the two stacking sequences. 

Tables 4.1(a) and 4.1(b) list non-dimensionalised mean buckling loads with 
N cr = N u and N Xi = N x ^ = 0. Using the three plate theories results are presented for b/a = 
1, 2 and 3 and b/h = 10 and 100 for the two stacking sequences [0°/90°] and [ O°/9O°/9O o /O 0 J . 
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The higher value of buckling loads, as expected, is observed for symmetric as compared to 
and-symmetric cross-ply plates. It is also observed that the classical laminate theory over 
predicts the buckling loads as compared to FSDT and HSDT for both b/h=10 and 100. It is 
further observed that these over predictions are large for b/h=10 and small for b/h=100. 
Examination of the results reveals that the buckling load increases as the aspect ratio (b/a) 
increases. It may be noted that the FSDT under predicts the buckling loads for anti-symmetric 
cross-ply laminates and over predicts for symmetric cross-ply laminates as compared to 
HSDT for the aspect ratios studied. 

Figures 4.2(a)-4.2(f) show the response of CLT, FSDT and HSDT on the dispersion in 
the buckling loads for anti-symmetric cross-ply laminate, with all the material properties 
changing simultaneously. Results for three aspect ratios (b/a): 1, 2 and 3 with two thickness 
ratios (b/h): 10 and 100 have been presented. The buckling load dispersion is over predicted 
by CLT for b/h=l0. However, for the thickness ratio (b/h) 100, it is not always so. HSDT 
predicts largest dispersion for b/a=l, CLT for b/a=2 and FSDT for b/a=3. For the two shear 
deformation theories, predicted level changes with aspect ratio and thickness ratio, but no 
pattern is observed. 

For a symmetric [0°/90 0 /90°/0 0 ] laminate the general trend for the corresponding 
behavior is found to be similar. Hence, to economize space, the figures have not been 
presented. A more consistent pattern with CLT predicting the larger dispersion has been 
observed for the three aspect ratios and the two thickness ratios studied. 

The buckling load sensitivity for [0°/90°] laminate with b/a=l, 2, 3 and b/h=10 using 
HSDT is presented in Figs. 4.3(a) - 4.3(f) with only one basic variable changing at a time. 
The effects of the individual variations of E u ,E 22 ,G lz and v 12 on the buckling load 
dispersion decreases as b/a ratio increases. However, the influence of the individual 
variations ofC 13 and G 23 increases as b/a ratio increases. SD of £ n has dominant effect on 
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the scattering of the buckling loads for b/a=l and 2. However, for b/a=3, G 13 is the dominant 
material property. The buckling loads are least affected by changes in v 12 . It is observed that 
the effect of G :3 is comparable to G 13 . 

The general behavior of the buckling loads with SD/Mean of basic material properties 
changing only one at a time for symmetric laminate with b/a=l, 2, 3 and b/h=10 using HSDT 
has similar trends to anti-symmetric laminate. Hence, the figures have not been presented. 
For b/a=l, the effect of E u is dominant, however for b/a=2 and 3, the effect of G 13 is the 
most dominant. 

Conclusions 

The second order statistics of the non-dimensionalised initial buckling loads have 
been obtained for two stacking sequences of cross-ply graphite - epoxy laminates with all 
edges simply supported. The following main conclusions Can be drawn from this study: 

• In mean buckling load analysis, CLT always over predicts the buckling load as 
compared to shear deformation theories. For scatter in buckling loads, CLT over 
predicts the dispersions for thick plates as compared to FSDT and HSDT while it does 
not always over predict dispersions for thin plates. 

• For mean analysis, FSDT under predicts the mean buckling load as compared to 
HSDT for cross-ply anti symmetric laminates and over predicts for symmetric 
laminates. However, for buckling load dispersion analysis, FSDT does not show a 
consistent prediction pattern compared to HSDT for cross-ply anti symmetric and 
symmetric laminates. The relative magnitude depends on laminate construction, 


aspect ratio and thickness ratio. 
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• The dispersion in buckling loads always decreases as aspect ratio increases for thick 
symmetric and anti-symmetric laminates considered for the study against individual 
variation of longitudinal elastic modulus, transverse elastic modulus, in plane shear 
modulus and Poisson ratio while it shows a reverse trend with out of plane shear 
modulus. 

• The longitudinal elastic modulus (£ 11 ) is the dominant material property in case of 
symmetric square laminates and anti- symmetric laminates of b/a=l and 2, while, the 
out of plane shear modulus (G 13) is dominant for the plates with aspect ratio = 3 . 

4.2.3.1 Buckling Loads: Composite Cylindrical Panels 

Validation 

Validation of the present approach for buckling of laminated composite cylindrical 
panels has been carried out on the lines of the plate. Figure 4.4 illustrates the comparison of 
the results obtained by the present approach and with Monte Carlo simulation for [0°/90°] 
laminated cylindrical panels with R/b=5, b/a=l and b/h=10, using the three theories with only 
one material property E u to be random. Here also the number of sample size selected, based 
on convergence, is 10000. These values are used in Equation (4.8), which is solved 
repeatedly to generate a sample of the buckling load. This sample is processed to obtain the 
mean and the variance of the buckling load. It is observed that the results are in good 
agreement with the MCS. 

Second Order Statistics 

The panel parameters used for the two stacking sequences studied are, aspect ratio 
b/a=l, curvature to side ratio R/b=5, and side to thickness ratios b/h=10 and 100. The 
material properties are kept the same. 
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Mean Buckling Loads 

Table 4.2 presents the nondimensionalised mean buckling loads with R/b=l, R/h=10 
and b/a=l for stacking sequence of [0°/90°] along with the results by Khdeir et aL [1 13]. The 
reference uses an exact state space technique for the solution. The present approach is also 
exact as for as the mean analysis is concerned. A reasonably good agreement between the two 
is observed. 

Table 4.3 lists the nondimensionalised mean buckling loads for cylindrical panel with 
R/b=5, b/a = 1 and b/h = 10 and 100 for the two stacking sequences using CLT, FSDT and 
HSDT. Higher values of buckling loads, as expected, are observed for symmetric as 
compared to anti-symmetric cross-ply panels. The classical laminate theory over predicts the 
buckling loads as compared to FSDT and HSDT for b/h=10 and 100. These over predictions 
are large for the thicker panel and small for the thinner panel. It may be noted that the HSDT 
slightly over predicts the buckling loads for anti-symmetric cross-ply and under predicts for 
symmetric cross-ply laminates as compared to FSDT results for the cases considered. 

Variance of Buckling Loads 

[0°/90°] Square, cross-ply, anti-symmetric laminate 

The variation of nondimensionalized buckling loads with SD of all the basic RVs 
changing simultaneously for [0°/90°], square, anti-symmetric laminate with R7b=5 and 
thickness ratios b/h=10 and 100 are presented in Figures 4.5(a) and 4.5(b), respectively. It is 
seen that the change in buckling loads for b/h=10 is smaller than for b/h=100. Classical 
laminate theory shows larger changes in buckling loads for b/h=10 and smaller changes for 
b/h=100 as compared to shear deformation theories. The difference in the variation of 
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bucklin'? loads by FSDT and HSDT is not significant for b/h=10 while it is significant for 

b/h=l00. 

Figures 4.6(a) - 4.6(f) show the sensitivity of buckling loads to dispersion by 
considering only one basic variable at a time for b/h=10. The variations of buckling loads are 
strongly influenced by dispersion in £,,. In general, the CLT over predicts the variation in 
buckling loads as compared to FSDT and HSDT, while the variation in buckling loads using 
HSDT and FSDT are of the same order of magnitude for the individual variation of 
E n ,E 7l ,G l 2 and v l2 . However, the difference between the results predicted by FSDT and 
HSDT is considerable for dispersion in G, 3 and G 23 with FSDT over predicting the variation. 

It is observed that the buckling loads are least affected with dispersion in v I2 . 

Figures 4.7(a) - 4.7(f) present the variation in buckling loads due to dispersion in one 
basic material property for R/b=5 and b/h=100. The variation of buckling load is maximum 
for dispersion in E u and least for dispersion in v 12 . The FSDT and CLT under predict the 
variation as compared to HSDT. It may be noted that in spite of over and under predictions in 
buckling loads, the variance in the buckling loads given by the three theories are of 
comparable order of magnitude for variations in £ 22 ,G 12 and v 12 . However, the difference in 
variations in buckling loads is observed to be large between HSDT and FSDT for changes 
inG t3 and G 23 . 


[0 0 /90°/90°/O o ] Square, cross-ply, symmetric laminate 

Figures 4.8(a) and 4.8(b) show the sensitivity of buckling loads with SD/Mean of 
basic material properties changing simultaneously for [O o /9O 0 /9O°/O 0 ] square, symmetric 
laminate with R/b=5 and b/h=lO and 100, respectively. The CLT results are more sensitive to 
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changes in SD/mean of material property as compared to the shear deformation theories for 
b/h=10 while, the FSDT results are more sensitive for b/h=l00. 

Figures 4.9(a) - 4.9(f) show the sensitivity of buckling loads for SD/Mean of basic 
material properties by changing only one property at a time for R/b=5 and b/h=lO and 100. 
The CLT over predicts the variation in the buckling loads, while FSDT under predicts against 
changes in the material property SD except for E u and G 23 . The buckling loads obtained 

using CLT, FSDT and F1SDT are most sensitive to SD/mean of E u and are least sensitive to 
SD/mean of v 12 . 

Figures 4.10(a) - 4.10(f) show the influence on buckling loads with SD/Mean of basic 
material properties changing only one at a time for R/b=5 and b/h=10 and 100. The buckling 
loads are most sensitive to changes in SD/mean of E n for all the three theories considered. 
The buckling loads obtained by HSDT are least affected by changes in G 23 and the CLT and 
FSDT result by v 12 . The three theories predict close dispersion in buckling load for variations 
in E 22 , G 12 and v 12 with FSDT slightly over predicting the values. The HSDT significantly 
over predicts the buckling load scatter as compared to FSDT for variation in G t3 and G 23 . 

Conclusions 

The mean and standard deviation of the buckling loads have been computed for two 
stacking sequences for cross-ply laminated cylindrical panels. On the basis of this study, the 
following conclusions can be drawn for graphite/epoxy laminates with all edges simply 
supported: 

• There is a significant effect on the mean buckling loads with changes in thickness 


ratio b/h. 
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• The buckling loads are sensitive to the variation of SD of material properties. The 
dominant material property is found to be £,, for all the three theories considered. 

• The panel buckling loads for anti-symmetric cross-ply laminates show larger 
variation with changes in thickness ratio as compared to symmetric laminates. 

• In general, the CLT over predicts the variation in buckling loads with b/h=lO for 
the two laminates studied. However, the HSDT over predicts the loads for anti- 
symmetric laminates while FSDT over predicts for symmetric laminates. 

4.2.33 Buckling Load: Composite Spherical Panels 

Validation Study 

Validation of the present technique for studying buckling of laminated composite 
spherical panels has been carried out on the same lines as for the plate. Figure 4.11 shows the 
remits obtained by adopting FOPT and MCS approaches for [0°/90°] laminated spherical 
panels with R/b=5, b/a=l and b/h=10, using two theories FSDT and HSDT with only £ u 
taken to be random while other input basic variables are kept constant. The sample size 
selected for MCS, based on convergence, is 10000. The sample values for the material 
properties have been generated assuming random variables to be distributed normally. It is 
observed that the results obtained from FOPT are in good agreement with MCS. 

Second Order Statistics 

The panel geometry employed for the study are: b/a=l and 2, curvature to side ratio, 
R/b=5, and side to thickness ratios, b/h=l0 and 100, and two stacking sequences [0°/90°] and 
[0 0 /90°/90°/0 0 ]. 
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Mean buckling loads 

In Table 4.4 the nondimensionalised mean buckling loads with R/b=5, b/a=l and 2 
and b/h=10 and 100 for the two stacking sequences using the two shear deformation theories 
are presented. It is observed that the mean buckling load increases with increase in b/a and 
b/h ratios. Further, HSDT gives slightly higher buckling loads as compared to FSDT for anti 
symmetric laminates and slightly lower values for symmetric laminates for R/b=5 and for 
both the value of b/h. These differences in the predictions are small for thin panels. The 
higher value of buckling loads, as expected, is observed for symmetric laminates as compared 
to anti-symmetric laminates. It is also observed that the mean buckling loads increases as 
aspect ratio increases. 

Variance of buckling loads 

For R/b=5 and b/h=10. Figures 4.12(a) and 4.12(b) illustrate the variation of buckling 
loads for [0°/90°] laminate while Figures 4.12(c) and 4.12(d) show the variation of buckling 
loads for [0°/9 0°/90°/0°] laminate, for b/a=l and 2 with SD of all the basic RVs changing 
simultaneously. It is seen that the dispersions in buckling loads with FSDT and HSDT 
models are of comparable order of magnitude. However, the HSDT over predicts the 
variation for anti symmetric laminate, under predicts for symmetric with b/a=l. It also over 
predicts for symmetric laminate with b/a=2. It is also observed that there is slight change in 
buckling loads as the b/a ratio increases for both the stacking sequences. 

For R/b=5 and b/h=100, Figures 4.13(a) and 4.13(b) illustrate the variation of 
buckling loads for [0°/90°] laminate while Figures 4.13(c) and 4.13(d) show variation of 
buckling loads for [0°/90 0 /90°/0 0 ] laminate, for b/a=l and 2 with SD of all the basic RVs 
changing simultaneously. It is observed that there is some increase in scattering of buckling 
loads as b/a ratio increases for both the theories considered. The dispersions due to FSDT and 
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HSDT are of the same order of magnitude for a symmetric square laminate while these are 
comparable order of magnitude for the remaining cases. It is also observed that FSDT under 
predicts the dispersions in buckling loads for anti- symmetric square laminate while it over 
predicts for the remaining cases as compared to HSDT. 

Figures 4.14(a)-4.14(d) present the sensitivity of buckling loads to changes in only 
is u while other properties are kept constant for [0°/90°] and [O°/9O o /9O°/O 0 ] laminates with 
R/b=5, b/a=l and 2 and b/h=10. The buckling load variation obtained using FSDT with 
changes in E n is highest for symmetric laminates with b/a=l while, it is lowest for 
symmetric laminates for b/a=2. However, the HSDT predicts the highest values for anti- 
symmetric square laminate and smallest values for symmetric laminates for b/a=2. There is 
significant change in buckling load as b/a ratio changes. The difference between changes in 
buckling loads due to FSDT and HSDT for the two stacking sequences considered are seen 
for b/a=2 is more compared to b/a=l. 

Figures 4.15(a)-4.15(d) represent variation in buckling loads due to change in only 
E n for the two stacking sequences with R/b=5, b/a=l and 2 and b/h=100. The changes in 
buckling load due FSDT and HSDT are more sensitive for symmetric laminate with b/a=2. 
The FSDT gives smallest buckling loads dispersions for anti-symmetric square laminate 
while HSDT predicts almost equal dispersion for symmetric and anti-symmetric square 
laminates. Higher changes are predicted by the two theories for b/a=2 as compared to b/a=l 
for both stacking sequences. The symmetric laminate with b/a=2 is very sensitive to ‘Changes 
in the basic RV. 

Figures 4.16(a) - 4.16(d) show the sensitivity of buckling loads with SD/Mean of 
only E 22 changing with other material properties constant for the two stacking sequences 
with R/b=5, b/a=l and 2 and b/h=10. The FSDT and HSDT results show equal sensitivities to 
changes in SD/mean of the material property for anti- symmetric laminates with b/a=l. The 
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two theories predict smallest dispersion in buckling loads for symmetric laminate with b/a=2. 
In general, the scattering in buckling loads decreases as b/a ratio increases. 

Figures 4.17(a) - 4.17(d) bring out the sensitivity of buckling loads with SD/Mean of 
only E 22 changing while others are kept constant for both the stacking sequences with R/b=5, 
b/a=l and 2 and b/h=100. The dispersion in buckling loads predicted by the two shear 
deformation theories is of the same order of magnitude for the laminate geometries and 
stacking sequences investigated. It is observed that the dispersion in buckling loads increases 
as b/a ratio increases. The buckling loads are very sensitive for anti-symmetric laminates as 
compared to symmetric laminates. It is further observed that the changes in buckling loads 
for anti-symmetric laminates are most sensitive to changes in basic RVs with aspect ratio 
b/a=2 while least sensitive for symmetric laminates with aspect ratio b/a=I. 

Figures 4.18(a) - 4.18(d) show the influence of buckling loads with SD/Mean of only 
G l2 changing at a time for the two stacking sequences with R/b=5, b/a=l and 2 and b/h=10. 
The buckling loads are very sensitive with the changes in SD/mean of G n for anti-symmetric 
square laminate for the two theories considered. The variation in buckling load is minimum 
for symmetric laminates with b/a=2. In general, the dispersion in buckling loads is seen to be 
more for anti-symmetric laminates as compared to symmetric laminates. The effect decreases 
as b/a ratio increases. 

Figures 4.19(a) - 4.19(d) show the influence on buckling loads with SD/Mean of only 
G {1 changing at a time for the two stacking sequences with R/b=5, b/a=l and 2 and b/h=100. 
There is a considerable change in the dispersion of the buckling loads with changes in b/a for 
symmetric laminates. Further, significant change is seen between symmetric and anti- 
symmetric laminates for b/a=2 while it is of the same order of magnitude for b/a=l. The 
FSDT and HSDT are equally sensitive for the panel geometries and stacking sequences 
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considered for the study. The FSDT and HSDT predicts highest variation for anti-symmetric 
square laminate and lowest for symmetric laminate with b/a=2. 

Figures 4.20(a) - 4.20(d) present the influence on buckling loads with SD/Mean of 
basic material property with only G 13 changing at a time for the two stacking sequences with 

R7b=5, b/a=l and 2 and b/h=10. It is observed that the HSDT shows least dispersion in 
buckling loads for anti-symmetric cross-ply laminates and more dispersion for symmetric 
cross-ply laminates as compared to FSDT. The variation in buckling loads increases as b/a 
ratio increases for both the stacking sequences. The symmetric cross-ply laminate with b/a=2 
is more sensitive to variation of buckling loads as compared to the other panel geometries and 
stacking sequences combination considered for the present study. The anti-symmetric square 
laminates are least sensitive. In general, the symmetric laminates are more sensitive as 
compared to anti-symmetric laminates. 

Figures 4.21(a) - 4.21(d) represent the influence on buckling loads with SD/Mean of 
basic material property with only G 13 changing at a time for the two stacking sequences with 

R/b=5, b/a=l and 2 and b/h=100. The FSDT under predicts the scattering in buckling loads 
for b/a=l and over predicts for b/a=2 as compared to HSDT for the stacking sequences 
considered. The scattering increases as b/a ratio increases. The anti-symmetric laminates are 
seen to be more sensitive as compared to symmetric laminates. 

Figures 4.22(a) - 4.22(d) present the dispersion of buckling loads with SD/Mean of 
basic material property with only G 23 changing at a time for the two stacking sequences with 

R/b=5, b/a=l and 2 and b/h=10. The scattering in buckling loads increases as b/a ratio 
increases for stacking sequences considered. The symmetric laminates are more sensitive as 
compared to anti -symmetric laminates for the panel geometries and stacking sequences 
considered. It is important to note that the FSDT always over predicts the scattering in 
buckling loads as compared to HSDT for the geometrical parameters and stacking sequences 
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considered. The FSDT and HSDT are most sensitive for symmetric laminates of b/a=2 and 
less sensitive for anti-symmetric square laminate. 

Figures 4.23(a) - 4.23(d) show the variation of buckling loads with SD/Mean of basic 
material property with only G 23 changing for the two stacking sequences with R/b=5, b/a=l 
and 2 and b/h=100. The FSDT under predicts the dispersion for symmetric and anti- 
symmetric square laminates, over predicts for anti-symmetric laminate with b/a=2, while it is 
of the same order of magnitude for symmetric laminate with b/a=2. The symmetric laminates 
are less sensitive as compared to anti-symmetric laminates. 

Figures 4.24(a) - 4.24(d) show the sensitivity of buckling loads with SD/Mean of 
basic material property with only v l2 changing at a time for the two stacking sequences with 
R/b=5, b/a=l and 2 and b/h=10. The sensitivity of symmetric laminates and anti-symmetric 
laminates is of the same order of magnitude for b/a=l, while for b/a=2, the anti-symmetric 
laminate shows higher sensitivity. The HSDT always over predicts the scattering in buckling 
loads as compared to FSDT. However, these over predictions have the characteristics very 
small for both stacking sequences with aspect ratio b/a=l, small for symmetric laminate with 
b/a=2 and large for anti-symmetric laminate with b/a=2. 

Figures 4.25(a) - 4.25(d) plot the influence of buckling loads with SD/Mean of basic 
material property with only v 12 changing at a time for the two stacking sequences with 
R/b=5, b/a=l and 2 and b/h=100. The FSDT over predicts the dispersion in buckling loads for 
anti-symmetric square laminate while it is of the same order of magnitude for other 
combination of the geometrical parameters and stacking sequence as compared to HSDT. The 
symmetric laminates are more sensitive as compared to anti-symmetric laminates. There is a 
significant increase in buckling load scattering as b/a ratio increases. The symmetric laminate 
with b/a=2 shows the largest deviation in buckling loads while, anti symmetric square 
laminate shows smallest dispersion in the buckling loads. 
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Conclusions 

From the examination of the results for study done on graphite-epoxy laminates with 
all edges simply supported, the following conclusions can be drawn: 

• There is a significant change in mean buckling loads with change in thickness 
ratio b/h and aspect ratio b/a. 

• The higher values of mean buckling loads obtained using HSDT are observed for 
anti-symmetric laminates with different b/h ratios as compared to FSDT. This 
trend is reversed for symmetric laminates. It is also observed that these over 
predictions and under predictions are small for thin spherical panels. 

• The buckling loads show different sensitivity to the influence of SD of the six 
material properties considered. The sensitivity depends on laminate sequencing, 
shear deformation theories, aspect ratio (b/a) and thickness ratio (b/h). The 
dominant material property is found to be E n for thick, spherical, square panels 
and thin panels with aspect ratio b/a=2 for the two theories considered. However, 
the effects of G n for thin square panels and G n for thick symmetric panel with 

aspect ratio b/a=2 are dominant. The effect of G 23 on scattering of buckling loads 
is also significant for thick panels with b/a=2. 

• The panel buckling loads for symmetric and anti-symmetric cross-ply laminates 
show almost equal changes in scatter with SD/mean of all the basic RVs changing 
simultaneously for the two theories considered. 

• In general, the FSDT predictions of the variation in the buckling loads are of 
comparable order of magnitude to HSDT. 
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4.3 Stochastic Finite Element Method (SFEM) 

In this section, a stochastic finite element method is proposed to analyze the effects of 
uncertain material properties on elastic buckling of composite plates, cylindrical and 
spherical panels. The uncertain material properties are modeled as random variables. The 
random variables are incorporated into finite element formulation, which results in a random 
eigenvalue problem. A mean centered first order perturbation technique is then used to find 
the probabilistic characteristics of the buckling loads. Mean as well as Standard Deviation of 
the buckling loads of composite panels have been evaluated for various combinations of 
geometrical parameters, stacking sequences and boundary conditions 

4.3.1 Formulation 

Buckling analysis requires the development of geometric stiffness matrix. A 
prebuckling analysis is carried out to compute the displacement and hence the stresses and 
stress resultants due to unit loading. The panel is assumed to be acted upon by these stress 
resultants, and the geometric stiffness matrix is computed. In view of the uncertainty in 
material properties the formulation results in standard random eigenvalue problem. The 
standard random eigenvalue problem is then solved to obtain the second order statistics of the 
buckling loads when the panel is subjected to external loading. 

43.1.1 Prebuckling analysis 

In Chapter III, it was shown that strain energy due to bending of a composite panel 
subjected to given loading is given by (refer Equation 3.35) 

U =-\f DedA; 

2 A 


(4.17) 
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Utilizing finite element modeling, it was shown that these equations become (Section 3.9 


refer Equations 3.50, 3.52 and 3.53) 


NE . , 

U =2U le) 


<2=1 

NE 1 , - 

= E - \e D e dA 
<2=1 2 

(4-18) 

U M =- J A Tte) B t DB A ie) dA ; 

2 a"> 

(4.19) 

= A T(e) K (e) A (e) , 

(4.20) 


where A te> and K w are the element displacement vector and stiffness matrices respectively. 


4.3.1. 2 Buckling analysis 


The work done by the applied in-plane forces by taking transverse external loading is 
zero in producing out of plane displacement ‘w’ in the domain of small displacement is 
(Section 3.7 refer Equation 3.40), 
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Using finite element notation, the above equation may be rewritten as, 
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We have, 


(4.22) 
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(4.23) 
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where, 




0 0 - 0 0 0 0 
dx, 


0 0 — 0 0 0 0 
dx n 


and 


m 

A=S<p,.A,; 

i = i 


with 


A; = («; V; W, d 2i 0 U <j> 2i <j) u ) 


(4.24) 


Equation (4.23) may be rewritten as, 


I W , I NN 

" 1 ; 


W , 


= 1 


= B g A (e) ; 


(4.25) 


where A U) is the elemental vector displacement obtained by assembling nodal displacement 


vectors and 

B s = [B t Bj ....B J with 
B, =<R(px, 

Substituting Equation (4.25) into Equation (4.22), 


(4.26) 

(4.27) 


= -- J A Ce)r B^ X 
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N xx 
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K 
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= A™ X K g M A m 


(4.28) 


Here, 


N = X N • N. =X* N,; N rz =A* N tx ; X denotes the load factor which on 

-tj .tj J Xj *2 x l x 2 

multiplication to the applied reference loads N , assumed as deterministic in this study, gives 
the buckling load. The elemental geometric stiffness matrix K g (u) is given by, 
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(4.29) 


The nodal geometric stiffness sub matrix K g ,/ e) for nodes i and j of the e th element in natural 
coordinates may be written as, 


+ ( +t 


= 1 / B, r , 
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N x N x 
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B det J dm 


(4.30) 


where 


B„ 


'0 0 (p.^ 0 0 0 O' 

0 0 0 0 0 0 


and 


B,« 


'0 0 <p M 0 0 0 o' 

0 0 cp.^ 0 0 0 0 


(4.31) 


J is the Jacobian matrix and is as defined in Equation (3.57). 

When numerical integration is adopted, the geometric stiffness matrix given in Equation 
(4.30) becomes, 
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(4.32) 


In this geometric stiffness sub matrix all elements except K g23 are zero. K g23 is given by, 


K * 2 ’ 3 2 W < det/ + N ^, ^ <P;, 2 + ( Pi,< <Pj, Xi ) + (j o. X2 ) (4.33) 
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4.3.1.3 Governing equations 

The governing equations for elastic buckling can be derived by using the principle of 


Total Potential Energy (TPE). This results in 

SOI,) = 0; (4-34) 

§(£/ + V) = 0. (4.35) 

The external work done by the loads relates to the change in external potential energy 
SV = -6 W (4.36) 

Substituting Equations (4.20), (4.28) and (4.36) in Equation (4.35) 

S(q* r K q* -q F A* K, q* ) = 0 ; (4.37) 


where 

. NE ( V 

q = 2) A 1 - Global displacement vector 

e=l 

NE 

K = X K e - Global stiffness matrix 

e=l 

NE . . 

K K, ■ Global geometric stiffness matrix 

s c=l s 

Equation (4.37) leads to the generalized eigen value problem 

(K - A.* K 5 )q* = 0. (4.38) 

Equation (4.38) can be rewritten as 

(K^ —X K )q* = 0; (4.39) 


where, 



(4.40) 


The elastic stiffness matrix K is decomposed as 


K = U r U ; 


(4.41) 
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Substituting Equation (4.41) into Equation (4.39) and pre- multiplying both sides of the 
resulting equation by U' T the standard eigenproblem is obtained as [102, 1 14] 

(A - A. I) q = 0 ; (4.42) 

where, 

A = U -r K,, U" 1 ; 

(4.43) 

q = Uq*. 

We note that in contrast to the eigenvalue problem given in Equation (4.38), wherein 
the smallest buckling load is associated with the smallest eigenvalue, by using the equivalent 
formulation given in Equations (4.39) and (4.42) the largest eigenvalue defines the critical 
buckling load. 

The governing equation for buckling response of laminated composite shallow panels 
is given by Equation (4.42). In deterministic environment, the buckling load is obtained by 
solving Equation (4.42) using a standard solution procedure [102], However, in random 
environment the elements of matrix A, being dependent on system material properties, are 
random in nature and therefore the eigen values X and eigen vectors q are also random. It is, 
therefore, not possible to directly obtain the statistics of buckling load from Equation (4.42). 
To achieve this, further analysis is required and a probabilistic approach with first order 
perturbation technique in conjunction with Taylor series. This is presented in the next section. 
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4.3.2 Solution- A Perturbation Approach 

Consider the class of problems where the random variation of material properties is 
very small as compared to their mean value. Properties of most engineering materials, 
including composites belong to this class. Further, it is quite logical to assume that the 
dispersion in derived quantities like A, X and q will also be small as compared to their mean 
values. 

A random variable may be broken up as the sum of its mean and zero mean random 
part as [111] 

A = A + A r ; X = X+X r - 1 q = q + q r ; (4.44) 

where, over bar denotes the mean value and superscript ‘r’ denotes the zero mean random 
part. 

Substitution of Equation (4.44) in Equation (4.42) yields 

(A + A r ) (qj + q y ) = (X ; +X r ; ) (q^ + qj) . (4.45) 

If the components of the matrix A r are very small, as discussed earlier, Equation (4.45) 
becomes, to the first order, 

Aq j + Aq y + A r q y = X ; q ) + A, y q. +X ; q y . (4.46) 

Equation (4.46) can be further broken up as 

Zeroth order: A q y . = X y .q y . ; (4.47) 

First order: A q y + A r q y . = X^q + A ; q y . (4.48) 

Equation (4.47) involving the mean quantities is a deterministic equation. The mean eigen 
values and the corresponding mean eigen vectors can be determined by conventional eigen 
solution procedures. It is assumed that the eigen values are all distinct and the eigen vectors 
are properly normalized so that the orthogonality conditions are satisfied [102, 114]. The 
eigen vectors would form a complete orthonormal set and any vector in the space may be 
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expressed as a linear combination of the eigen vectors. Hence, the j th first order components 


of the eigen vector can be written as [102] 

q y = i ( Cjk ) q* with ( c;, = 0 ); (4.49) 

<t= 1 

where C r Jk ' s are small random coefficients that are to be determined. 

Let q,, ,q„ be eigen vectors corresponding to the eigen values A,, ,A„ of an 

nxn matrix A . Assume A ; A X } , i A j . Let v,, , v„ be eigen vectors corresponding to the 

eigenvalues A', ,A' of A r then 

(q ; , v,)a0; (q i ,v ; ) = 0, i*j (4.50) 


Using Equations (4.48), (4.49) and (4.50), the expressions for AO and q r . can be obtained as 


[102] 

A ' = ( ( A r ) q., Vj)/ ( q-, v ; ) , j= 1, n. 


q; 


A UAQ q J, vj 
i=i (A ; -AJ (q,,vj 


)q* 


(4.51) 


As discussed earlier, for the present case A, A and q are random because the material 

properties are random. Let b v b 2 , ,b n denote the random material properties. Following 

Equation (4.44) the b i can be written as 

b i =b i +b;. (4.52) 

The stochastic finite element method based on the perturbation technique has shown to be 
accurate and efficient [50, 115]. The random variables, A, A and q can be expressed by the 
Taylor’s series expansion centered at mean value of b. [114], Keeping only terms up to the 
first order, we have 


*0 


rn 

s hi b ' o; 


S Ajj a ; A'-X A.,, b; ; 

/*[ 


(4.53) 
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where ,i denotes partial differentiation with respect to b, . 

Use of Equations (4.5 1) and (4.53) for the eigen value systems gives 
%j,i = (( A,,.)q 7 -, v ; )/(q., v y ); 


j = 1, 


(4.54) 


- s «* ■ 




From Equation (4.53) the eigen value and mode shape covariance are obtained as [102] 


Var(Xj) = X2 \X U X hk Cov(b t ,b k ); Var( q y q* T ) = X X q„ q M Cov&M 


(4.55) 


;»u=i 


i=U-=l 


where Cov(b i ,b k ) is the covariance between b x and b k . The variances of X and q can be 


evaluated from Equation (4.55) with the help of Equation (4.54). 


4.3.3 Results and Discussion 

The method outlined has been used to obtain the second order statistics of the 
buckling load of laminated composite panels with random material properties. The plies are 
assumed to be of the same thickness and made up of the same material. The results have been 
compared with Monte Carlo Simulation. A nine noded Langaragian isoparametric element, 
which result in 63 DOFs for the HSDT model, is used for discretizing the laminate. The 
element is found to be quite stable and full and reduced integration rules did have significant 
effect on the results for panels. All the results obtained in this study have been obtained by 
employing the full (3x3) integration rule for thick panels and reduced (2x2) integration rule 
for thin panels. Based on convergence with respect to mean as well as variance of the 
buckling loads, a (4x4) mesh has been chosen for computation. The following non- 
dimensional buckling loads have been used for the study: 
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/V = /V r b 2 / ( £v, h 2 ) 

The lamina material properties En, E 22 , G12, V| 2 , Go and G23 are modeled as random 
variables. Here En and E22 are longitudinal and transverse elastic modulii, respectively. G12 
is inplane shear modulus, G13 and G23 are out of plane shear modulii and v l2 is the Poisson 
ratio. These RVs are selected as 

b x = £ u> b 2 = E 22 , b 2 = G !2 , b 4 = G 13 , b 5 = G 23 , and b 6 = v 12 . 

The following dimensionless mean orthotropic material properties have been used 
[116-118]: 

E u - 40 E 22 , G l2 = 0.6 E 22 , G 23 = 0.5 E 22 and v l2 = 0.25 . It is assumed that G 13 = G 12 and 
v l3 = v 12 for the above material [117]. 

In the present study various combinations of edge support conditions of clamped (C), 
free (F) and simple-support (S) have been used for the buckling analysis. For example, CSCF 
implies clamped edges at xt =0 and a, simply supported at x 2 =0 and free edge at x 2 =b. The 
boundary conditions for the panel are: 

Clamped edge (C): 

M = v = w = <j) I =<t) 2 =0 1 =9 2 =O; 

Free edge (F): 

Simply supported edge (S) 

v = w = 0 2 = (j) 2 = 0 or u = w = 6 X = <p x - 0. 

Second order statistics of non-dimensionalised buckling loads for laminated 
composite panels are presented for the ratio of the SD to mean of material properties varying 
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from 0 percent to 20 percent [51]. The sensitivity of simultaneous and individual variation of 
material properties is investigated in detail for different support conditions. 


4.3.3.1 Buckling Load: Composite Plates 
Validation study 
Mean buckling load 

A comparison of the results with those available in the literature validates the 
effectiveness of the proposed finite element model. The nondimensionalised mean buckling 
load for an anti-symmetric cross-ply square plate with all edges simply supported and 
subjected to axial compressive load has been obtained with length to thickness ratio a/h=10 
by using higher order shear deformation theory for the three stacking sequences {0°/90°], 
[0°/90°/(f/9(f] and [O°/9O 0 /0 0 /9O 0 /O°/9O 0 ]. The results are presented in Table 4.5 along with 
those obtained with other techniques [116-118], It is seen that the present method yields 
excellent results. 

Standard deviation of buckling load 

Figure 4.26 shows the comparison of the results by the present approach with Monte 
Carlo simulation for [0°/90°] laminated, square composite plates with all edges simply 
supported with b/h = 5 and with only one material property Eu treated to be random. For MCS 
approach, the samples are generated using NAG subroutine to fit the desired mean and 
standard deviation (SD) of the material property. These samples are used in Equation (4.42), 
which is solved repeatedly adopting conventional eigen value solution procedure to generate 
a sample of the buckling load. This sample is processed to obtain the mean and SD. Overall 
good agreement is seen between the two results. It can be concluded from the results that the 
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first order perturbation technique is quite accurate for the range of SD to mean values 
considered in the study. 

Second Order Statistics 

Composite plates with three stacking sequences, [ 3 0°/- 3 0°/3 0°/- 3 0°] [45°/-45°/45 0 /- 
45°] and [6O 0 /-60°/6O°/-6O 0 ] with CCCC, CFCF and SSSS boundary conditions for b/h=5 and 
10 subjected to in-plane compresstve load along y-d.rection have been taken for evaluation of 
mean and variance of the buckling loads. 

Mean buckling load 

Table 4.6 presents the nondimensionalised mean buckling loads with Mt=5 and 10 for 
stacking sequences of (30°/-30 0 /30%30°], [45°/-45»/45 <) /-45 0 ] and [60W/60°/-60«] 
graphite-epoxy square plates with CCCC. CFCF and SSSS boundary conditions using HSDT 
subjected to inplane compressive load. For both b/h ratios, it is observed that the 
nondimensionaiised-buckling load increases as the lamination angle increases. The mean 
buckling load is higher in the case of plates with all edges clamped for a fixed b/h ratio and 
lamination angle, while the plate CFCF boundary condition buckles at a lesser load as 
compared to the rest of the boundary conditions investigated. There is a significant change in 

non-dimensionalised buckling loads as the b/h ratio changes for all combinations of edge 
conditions considered. 


Standard deviation of buckling load 

The SD/mean of the buckling load show a linear variation with changes in the 
rial properties. The amount of scatter depends on the thickness ratio, edge condition and 
the material property. The behavior also shows sensitivity to the fibre orientation. 
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Simultaneous variation in material properties 

In actual situation all material properties show scatter. Hence from practical 
considerations, it is appropriate to consider the cases when all the properties vary 
simultaneously. Figures 4.27(a) and 4.27(b) present the normalized SD of the 
nondimensionalized buckling load with SD of all the material properties varying 
simultaneously each assuming the same value for the ratio of its SD to mean for [60°/- 
60°/60°/-60 0 ] square laminate with b/h=5 and 10, respectively. Figures 4.27(c) and 4.27(d) 
represent corresponding behavior for [3 0°/ - 3 0°/3 0°/-3 0°] and Figures 4.27(e) and 4.27(f) for 
[45 °/-45 °/45°/-4 5 °] square laminates. 

For lamination angle 60°, it is observed that the buckling load for the plate with all 
edges clamped is more sensitive while, CFCF plate is less sensitive for b/h=5. For b/h=10, it 
is interesting to note that the buckling load of SSSS plate is more sensitive and CFCF plate is 
less sensitive. It is also observed that the effect of input RVs on scatter in nondimensionalized 
buckling load is most dominant for CCCC plate with b/h=5, while its effect is least on CFCF 
plate with same thickness ratio. 

For lamination angle 30°, with the CCCC edges the buckling load is more sensitive 
for b/h=5, while, it is less sensitive for CFCF plate. It is seen that for b/h=10, the SSSS plate 
is more sensitive and CCCC plate is less sensitive as compared to other boundary conditions. 

For lamination angle 45°, the CCCC and SSSS plates show sensitivity of same order 
of magnitude but more as compared to CFCF plate for b/h=5, while, all three types of plates 
show almost same order of sensitivity for b/h=10. 
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Individual variation of material properties 

(i) [60°/-60 o /6O o /-6O 0 ] anti-symmetric square laminate: 

Figures 4.28(a) - 4.28(f) and 4.29(a) - 4.29(f) show the variation of SD/mean of the 
nondimensionalized buckling loads for laminate with changes in only one material property 
at a time, keeping others as constant for b/h=5 and 10, respectively. 

For b/h=5, the effect of individual variation of Eu, E 22 , Gt 2 and v 12 on variation in the 
buckling load is strongest for plate with CFCF while it is lowest for CCCC. The effect of G 13 
is largest for CCCC plate and lowest for CFCF plate. The influence of G 23 is largest for 
CFCF but of same order of magnitude for SSSS plate while, CCCC plate is least affected. In 
general, the scattering in buckling load is most affected with changes in G 13 and least affected 
with v 12 for all the support conditions. As a general behavior, the CCCC plate exhibits the 
maximum variation in buckling load with changes in G 13 as compared to any other support 
conditions. 

For b/h=10, SSSS plates exhibits a major change with individual changes in Eu and 
V 12 , while CCCC plate is least affected. The effect of E 22 is maximum for CFCF and lowest 
for CCCC plate. The effects of G 12 and G 13 are largest for CFCF and CCCC respectively and 
lowest for SSSS and CFCF respectively. The CCCC and CFCF plates are more sensitive to 
changes in G 23 compared to SSSS plate. In over all sense, the SSSS and CFCF plates are 
most affected with Eu, CCCC plate is most affected with changes in G 13 and all types of 
plates are least affected with changes in Vi 2 . 

(ii) [3O 0 /-3O 0 /3O°/-3O 0 ] anti-symmetric square laminate: 

Figures 4.30(a)-4.30(f) and 4.31(a)-4.31(f) show the variation of nondimensionalized 
buckling loads for a [30°/-30 0 /30 0 /-30°] laminate with only one property to be random at a 
time for b/h- 5 and 10 , respectively. 
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For b/h= 5 , the effect of G13 and G23 on dispersion of buckling load is more for plate 
with SSSS and CCCC, respectively, while dispersion is less for CFCF plate. The influence of 
E22 and V12 for SSSS plate is maximum and minimum for CCCC and CFCF, respectively. 
The impact of En and G12 on dispersion of buckling load is strongest for CFCF plate, while 
lowest for SSSS and CCCC plates, respectively. The dispersion in buckling load for CFCF 
plate is most affected with changes in Eu, while for CCCC and SSSS plates, G23 variation is 
most effective. The dispersion in buckling loads for all boundary conditions due to changes in 
v l2 is least. 

For b/h= 10 , with individual variation of En, E22, Gu and v 12 , the CFCF plate is most 
sensitive, while CCCC plate is least sensitive. The CCCC plate is more sensitive with 
changes in G13 and G23, while, CFCF plate has lowest sensitivity for these. In general, plates 
are most affected with changes in Go and least affected with Vi 2 . 

(iii) [45°/-45 0 /45 0 /-45°] anti-symmetric square laminate: 

Figures 4 . 32 (a)- 4 . 32 (f) and 4 . 33 (a)- 4 . 33 (f) present the sensitivity of 
nondimensionalized buckling loads of [ 45 °/- 45 0 / 45 °/- 45 0 ] laminate with random changes in 
only one material property at a time for b/h =5 and 10 , respectively. 

For b/h= 5 , the changes in Eu, E22, G12 and v t2 have largest impact on CFCF plate 
buckling load scattering and least impact on CCCC plate. The effect of G13 and G23 is 
strongest for all edges clamped plates, while lowest for CFCF plates. In general, the plate 
with different boundary conditions are most affected with changes in G13, while, it is least 
affected with v 12. 

For b/h= 10 , with changes in Eu, E 22 and G12 the CFCF plate has largest sensitivity while 
lowest sensitivity is shown by CCCC plate for changes in E, 1 and E 22 and SSSS plate for G, 2 . 
The effect of G n , G 23 and v l2 is strongest for CCCC plates, while it is lowest for CFCF 
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plates. In general the CFCF and SSSS plates are most affected with Eu- The CCCC plate is 
most affected with SD of G13. The least dispersion in buckling load is seen with change in SD 
of Vi? for all plate types considered. 

Conclusions 

The following main conclusions can be drawn from the study: 

• The dispersion in nondimensionalized buckling load decreases as b/h ratio 
changes from 5 to 10 against simultaneous changes in material properties for 
CCCC plate, while it slightly increases for SSSS plate. 

• For a fixed b/h ratio, the scatter in nondimensionalized buckling load increases as 
lamination angle increases. 

• The CCCC plate with lamination angle 60° and b/h=5 is most affected, while the 
CCCC plate with lamination angle 30° and b/h=l0 is least affected with SD of one 
material property changing at a time. 

• For fixed lamination angle, the effect of individual variation of Eu, E22 and Go on 
scatter in buckling load increases as b/h ratio increase, while the effect of G13 and 
G23 decreases. The behavior due to changes in v 12 does not show a pattern. 

• The sensitivity of buckling load dispersion to variations in individual material 
properties is different for different edge support conditions. For lamination angle 
60°, the CCCC plate with b/h=5 is most sensitive to Go, the SSSS plate with 
b/h=5 and 10 is equally most sensitive to Go and Eu, respectively and the CFCF 
plate with b/h=10 is most sensitive to Eu- 

• Among all, the sensitivity of CCCC plate with b/h=5 and lamination angle 60° is 
highest. 
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• The effect of v [2 is least dominant on scatter in non-dimensionalised buckling 
load. 

43.3.2 Buckling Load: Composite Cylindrical Panels 
Validation study 

The validation of the present technique for the study of buckling of laminated 
composite cylindrical panels has been carried out on the lines of the plate. Figure 4.34 
presents the comparison of the buckling load by the present approach employing MCS with 
those obtained using SCA for [ 0°/90° ] laminated cylindrical panels with all edges simply 
supported. The panel parameters are RZb= 5, b/a= 1 and b/h- 10. Only one material property 
E u has been modeled as random. An overall good agreement is observed. From this 
validation study, it can be concluded that the first order perturbation technique along with 
FEM is acceptable for the range of SD to mean values considered. 

Second order statistics 

The second order statistics of non -dimensionalised buckling loads of [0°/45°/- 
45°/9(f] graphite-epoxy cylindrical panels with CCCC, CCCF, CCCS, CFCF and SSSS 
boundary conditions have been presented. 

The panel parameters used are aspect ratio b/a- 1, curvature-to-side ratio R/b-5, side-to- 
thickness ratios b/h=2 and 5. 

Mean buckling load 

Table 4.7 compares the nondimensionalized buckling load parameter with R/b= 5, 
b/a= 1 and b/h= 10 for stacking sequences of [0°/90 n ] and [0 o /90 0 /90°/(f \ for laminated 
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cylindrical panels with all edges simply supported using HSDT along with results obtained 
with SCA. The SCA results have been obtained by employing an exact approach for the mean 
analysis. For b/h=10, a (4x4) mesh with (3x3) full integration for both bending and shear 
terms in energy has been used. However, for b/h= 100, reduced (2x2) integration for shear 
terms has been used. A good agreement is seen between the two results. 

Table 4.8 presents nondimensionaiized mean buckling loads with R/b= 5, b/a= 1 and 
b/h=2 and 5 for stacking sequence of [ 0°/45°/-45°/90 °] cylindrical panels with CCCC, CCCF, 
CCCS, CFCF and SSSS boundary conditions. For b/h=2, the difference in mean buckling 
loads are not significant for CCCC, CCCS and SSSS. However, for b/h i=5 the non- 
dimensionalised buckling load shows appreciable change for all combinations of edge 
conditions considered. It is observed that the buckling load changes significantly with b/h 
ratio. The buckling load for CCCC boundary condition is the largest as compared to any other 
support conditions, while it is the smallest for CFCF for both the b/h ratios considered. It is 
observed that with increase in the thickness of the panel, the rotations of the edge for the 
simply supported case become progressively smaller, tending in behavior towards the 
clamped edge. 

Standard deviation of buckling loads 

Figures 4.35(a) and 4.35(b) show the plot of SD/mean of nondimensionaiized loads 
with SD/mean of all the basic RVs changing at a time for [0 0 /45°/-45 o /90°] square laminate, 
R/b=5, with edges CCCC, CCCF, CCCS, CFCF and SSSS for thickness ratios b/h= 2 and 5, 
respectively. All the input RVs are assumed to have the same SD to mean ratio. For b/h= 2, it 
is observed that the scatter in the nondimensionaiized buckling loads is of equal order of 
magnitude for CCCC, CCCS and SSSS boundary conditions. Edge conditions CCCF and 
CFCF have close values, slightly lower than the previous group. The scatter in the buckling 
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load is strongest in case of panel with CCCC and CCCS, while it is lowest for CFCF. For 
b/h- 5, the sensitivity of nondimensionalized buckling load is most for CCCS edge condition 
and least for SSSS as compared to any other boundary conditions. The scattering in buckling 
load decreases as b/h ratio increases. However, the changes are small being minimum for 
CCCS and maximum for SSSS. 

Figures 4.36(a)-4.36(f) show the variation of SD/mean of the nondimensionalized 
buckling loads with random changes in only one material property at a time, keeping the 
others as deterministic for b/h=2. The effect of E u on scatter in buckling load is lowest for 
CCCS, while it is largest for panel with CCCF. The effect of E 12 is strongest for CCCF and 
CFCF and lowest for CCCS. The effect of G\ 2 is strongest for CFCF and lowest for CCCS. 
The effects of G13 and G23 are strongest for CCCC and CCCS and lowest for CFCF. The 
effect of V \2 is strongest for CCCF and lowest for CCCS. In general, the scattering in 
nondimensionalised buckling load is most sensitive to changes in G l3 and is least affected 
with v 12 . 

Variation of nondimensionalized buckling loads with random changes in only one 
material property at a time for b/h-5 are shown in Figures 4.37(a)-4.37(f). The effect of E u 
on dispersion of buckling load is more for panel with CCCF and less for CCCS compared to 
any other boundary conditions. The influence of E 22 , G 12 and v 12 for SSSS panel and Go and 
G23 for CCCS panel is highest and lowest for CCCS and SSSS, respectively. The buckling 
load in panel with CCCC, CCCS and CFCF are most sensitive to Go, while CCCF and SSSS 
panels are most affected with changes in En. 

Conclusions 

The following conclusions can be drawn from this study: 

• The sensitivity of buckling load dispersion due to variation in material properties 
is dependent on the thickness ratio and boundary conditions of the laminate. 
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• The dispersion in nondimensionalized buckling load decreases as b/h ratio 
increases against simultaneous changes in material properties. 

• The effects of £11, £22, <£12 and Vn on scatter in nondimensionalized buckling load 
increases as b/h ratio increases, while it decreases with changes in G13 and G23 for 
all the support conditions considered. However, for CFCF the effect of Gi 2 and v 12 
on dispersion also decreases as b/h ratio increases. 

• The dispersion in transverse shear modulus Gn affects the buckling response to a 
large extent. However, for panel with b/h =5 and CCCF and SSSS edges 
conditions the Eu, is dominant. 

• The buckling load is least affected with changes in v 12 . 

43,3.3 Buckling Load: Composite Spherical Panels 

Numerical Validation 

Validation of the present approach for buckling of laminated composite spherical 
panels has been carried out on the lines of the plate. A comparison study of the 
nondimensionalised buckling load obtained by the Finite element technique has been made 
with Monte Carlo simulation (MCS) for [ 0 °/ 9 (f] laminated spherical panels with all edges 
simply supported using HSDT. The panel parameters considered are R/b= 5 , b/a~ 1 and 
b/h=l 0 . Only one material property Eu has been treated as random. 

Figure 4.38 shows the comparison of the variances of buckling loads obtained by the 
two techniques. Both approaches indicate a linear variation between the SD/mean of N cr and 
Eu. It is noted that the difference between the two results is a very small in slope of the two 


lines. 
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From this validation study, it can be concluded that the first order perturbation 
technique along with FEM is acceptable for the range of variations in material properties. 

Second Order Statistics: CCCC, CFCF and SSSS Boundary Conditions 

Second order statistics of nondimensionalized mean buckling loads for graphite- 
epoxy composite spherical panels with R/b—5, b/a= 1 and b/h= 5 and 10 for stacking sequence 
of [45°/-45°/\ s with CCCC, CFCF and SSSS boundary conditions are presented. A 
comparative study for the standard deviation of buckling loads of spherical and cylindrical 
panel is also presented. 

Mean buckling load 

Table 4.9 presents nondimensionalized mean buckling loads with R/b= 5, b/a= 1 and 
b/h=5 and 10 for stacking sequence of [45°/-45°/] s graphite-epoxy spherical panels with 
CCCC, CFCF and SSSS boundary conditions. It is observed that the buckling load changes 
significantly with b/h ratio. As expected, the buckling load for CCCC boundary condition is 
the largest as compared to any other support conditions, while it is the smallest for CFCF for 
both the b/h ratios considered. 

Standard deviation of buckling load 

(i) Effect of all material properties changing simultaneously 

Figures 4.39(a) and 4.39(b) present the sensitivity of the non-dimensionalised 
buckling load for the above mentioned panels with SD/mean of all the basic RVs changing at 
a time for b/h=5 and 10, respectively. All the input RVs are assumed to have the same SD to 
mean ratio. The SD of the buckling load increases linearly with the SD of the material 
properties in all cases. The boundary conditions exhibit some differences in sensitivity for b/h 
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_ 5 However, for the thinner panels the three boundary conditions give very close values. 


For b/h=5, the scatter in the buckling load is largest for CCCC panel, while it is smallest for 
CFCF. The sensitivity of buckling load increases in case of CCCC and SSSS panels as b/h 
ratio decreases. However, the trend for CFCF is reverse. 

(ii) Effect of individual variation of material properties 

Figures 4.40 to 4.45 show the variation of SD/mean of the non-dimensionalised 
buckling loads, [45°/-45°}< i laminate, R/a=5 and b/a=l, with random changes in only one 
material property at a time, keeping the others as deterministic for b/h=5 and 10. 

Longitudinal elastic modulus Eu: 

The effect of En on scatter in buckling load is lowest for CCCC, while it is largest for 
panel with CFCF. The scatter in buckling load increases as b/h ratio increases. 

Transverse elastic modulus E 22 ' 

The scatter in buckling load is highest for SSSS and is lowest for CFCF. The changes 
in buckling load are not significant as b/h ratio changes. 

In-plane shear modulus G 12 : 

The effect of Gn is strongest for CFCF and lowest for CCCC. Increase in the 
thickness ratio indicates a marginal increase in the buckling load scatter. 

Out-of -plane shear modulus G 13 and G 23 : 

The dispersion in buckling load is more in the case of panel with CCCC edge 
condition for both b/h ratios considered. The scatter in buckling load with the changes in G 13 
decreases as b/h ratio increases. However, the buckling load shows low sensitivity to change 
in panel thickness with variation in G 23 . 


Poisson ’s ratio V/?.' 
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There is insignificant change in buckling load for all support conditions considered in 
the study. SSSS panels are more sensitive as compared to other support conditions. 

Comparison with Cylindrical Panels 

The standard deviations computed for spherical panels with geometric parameters 
R/b=5, b/a=l and b/h=5 and cylindrical panels with R/b=5, b/a=i and b/h=5 for [0°/45°/- 
45°/90°] laminate are presented in Figures 4.46-4.52 for CFCF support condition. 

It is observed that the cylindrical panel is more sensitive as compared to spherical 
panels with regards to simultaneous change of material properties. Similar trends are seen 
with individual variation of Go and G 23 . The spherical panel is more sensitive as compared to 
cylindrical panels with individual variation of Eu. E 22 , Go and Vo- The spherical panel is 
most affected with the changes in Eu, while cylindrical panel with Go. Both the panels are 
least affected with changes in Vo- 

Conclusions 

The following conclusions can be drawn from this study: 

• The sensitivity of CCCC and SSSS spherical panels decreases as b/h ratio increases. 
The trend for CFCF panels is reverse. 

• For spherical panels the dominance of Go does not change in case of CCCC and 
SSSS panels as thickness ratio changes, while it does change from Go for a/h=5 to 
Eu for a/h=10 in case of CFCF panel. 

• Cylindrical panel is more sensitive compared to spherical panel against simultaneous 
change of material properties. 

• Spherical panel is more sensitive to individual variation of in-plane modulus as' 
compared to cylindrical panel, while the trend is reverse for out-of-plane modulus. 



Chap ter IV: Buckling ofComposite Panels 

44 Summary 


105 


The classical approach and the finite element method in conjunction with first order 
perturbation technique are applied to study the buckling response of laminated composite 
plates, cylindrical and spherical panels with random material properties. Comparing the 
results obtained from Monte Carlo simulation technique provides the validation of the 
technique for the present sets of problems. Probabilistic characteristics for initial buckling for 
various laminate configurations depending on limitations of the proposed methods with 
change in stacking sequence, aspect ratio and boundary conditions are presented. Efficacies 
of various theories are also examined. 
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Table 4.1: Mean buckling load, N cr = N cr b 2 /(EJi 1 ) , N fr = N 2 , N { = N 6 =0, for all 
edges simply supported laminated composite plates 

(a) Stacking sequence: [0°/90°] 


Aspect 

Thickness Ratio (b/h=10 ) 

Thickness Ratio (b/h=100 ) 

Ratio 

HSDT 

FSDT 

CLT 

HSDT 

FSDT 

CLT 

(b/a) 

.(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

1 

11.563 

11.353 

12.957 

12.941 

12.939 

12.957 

2 

35.078 

32.820 

51.829 

51.581 

51.538 

51.829 

3 

52.526 

44.888 

116.612 

115.355 

115.147 

116.612 









(b) Stacking sequence: [0 u /90°/90°/0 u ] 


1 

18.034 

19.035 

28.978 

28.801 

28.825 

28.978 

2 

34.235 

37.945 

104.539 

102.399 

| 

102.523 

104.539 

3 

40.171 

45.617 

236.201 

225.401 

226.293 

236.201 





Chapter IV: Buckling of Composite Panels 


107 


Table 4.2: Comparison^ of nondimensionalised mean buckling loads, 
M cr = N cr b 2 /(E 22 h i ), N er = N, for all edges simply supported composite cylindrical 
panels with R/b=l, R/h=10 and b/a=l 


Theories 

Anti-symmetric laminate: [0 U /90°1 

(1) 

Present approach 
(2) 

Existing results [113] 

(3) 

HSDT 

17.23 

16.87 

FSDT 

17.03 

16.60 

CLT 

18.70 

18.17 


Table 4.3: Nondimensionalised mean buckling loads, N cr = N cr b 2 l{E 22 h i ) , N cr = N, for 
all edges simply supported composite cylindrical panels with R/b=5 and b/a=l 


Theories 

(1) 

Anti-symmetric laminate: 
[0°/90°] 



Symmetric 

laminate: [0 o /90°/90°/0 o ] 

c r 

O 

b/h=100 

(3) 

V — 1 

O 

b/h=100 

(5) 

CLT 

13.18726 

26.46009 

28.99127 

30.33047 

FSDT 

11.57979 

26.33854 

19.04862 

30.17756 

HSDT 

11.7894 

26.35685 

18.0414 

30.15411 
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Table 4.4: Mean buckling loads, N r = N cr b~ l(E 22 h i ) , N a = N, for all edges simply 
supported composite spherical panels with R/b=5 


Aspect ratio 

Shear 

[0°/90°] 

[0 0 /90°/90°/0 0 ] 

b/a 

deformation 






theories 

c r 

II 

o 

b/h=100 

c r 

5 s 

II 

o 

b/h=100 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

1 

FSDT 

12.26125 

58.54944 

19.37329 

62.67375 

HSDT 

12.47010 

58.56807 

18.37209 

62.64046 


FSDT 

32.8204 

74.51379 

38.02923 

1 14.28870 

l 

HSDT 

35.29845 

74.55733 

34.31965 

114.163979 


Table 4.5: Comparison of nondimensionalised mean buckling loads, N cr of a simply 
supported anti symmetric square laminates (N 2 - N l2 =0, a!h — 10) 


Source 

(1) 

Kr 

[0 U /90 U ] 

(2) 

[0 U /90 U /0 U /90 U ] 

(3) 

[0 U /90 U /0 U /90 U /0 U /90 U ] 

(4) 

Noor [116] a 

10.817 

21.280 

23.669 

HSDT [117] b 

11.569 

22.582 

24.462 

HSDT [117] c 

11.563 

22.579 

24.460 

HSDT [118] d 

11.563 

22.579 

24.460 

HSDT 6 

11.569 

22.618 

24.506 


a Results obtained by applying a finite difference scheme to the equation of the 3-D elasticity 
theory. b Results obtained using the FEM solution. c Results using Navier solution. d Results 
obtained using exact method. e Results obtained with C u finite element presented in this 
study. 
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Table 4.6: Nondimensionalised mean buckling loads, N cr laminated composite plates 
with different support conditions ( N, = /V 12 = 0, b! a = 1 ) 


Support 

[60 u /-60 u /60°/-60°] 

[30 u /-30 u /30 u /-30°] 

[45 u /-45°/45 u /-45 u ] 

conditions 

b/h=5 

b/h=10 

b/h=5 

b/h=10 

b/h=5 

cr 

P 3 

II 

o 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

cccc 

13.2984 

40.7803 

9.9566 

25.4798 

12.0520 

35.433 

CFCF 

8.3345 

17.1185 

5.8923 

12.0925 

7.5939 

30.925 

ssss 

12.9733 

33.0347 

9.2449 

22.5867 

11.6835 

16.474 


Table 4.7:Comparison of nondimensionalised mean buckling loads, N cr for a simply 
supported laminated composite cylindrical square panel ( N X[ = N x ^ =0, R/b = 5). 


Solution approach 

[0 U /90 U ] 

[0 U /90 U /90 U /0 U ] 


Anti-symmetric laminate 

Symmetric laminate 


b/h=l0 

cr 

II 

t-—* 

O 

o 

II 

o 

b/h=100 

(1) 

(2) 

(3) 

(4) 

(5) 

SCA 

11.7894 

26.3568 

18.0414 

30.1541 

SFEM 

11.8006 

2623657 

18.0116 

30.1214 
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Table 4.8: Nondimensionalised mean buckling loads, N cr of a [O 0 /45 0 /-45°/9O 0 ] composite 
cylindrical square panel with different edge conditions ( N X{ = N x ^ =0, R/b = 5). 


Support conditions 

b/h=2 

b/h=5 

(1) 

(2) 

(3) 

cccc 

2.2247 

11.8064 

CCCF 

1.8481 

6.7919 

CCCS 

2.2247 

11.0044 

CFCF 

1.5958 

6.4451 

SSSS 

2.2231 

8.2298 


Table 4.9: Nondimensionalised mean buckling load parameter, N cr of a [45°/-45°/] s 
composite spherical square panel with different edge conditions 

(w, =«„„=<>, S/f> = 5). 



Mean buckling loads 

Support conditions 

b/h=5 

b/h=10 

(1) 

(2) 

(3) 

CCCC 

10.6900 

31.1272 

CFCF 

6.8316 

14.9970 

SSSS 

10.3504 

27.0607 
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Figure 4.1: Comparison of SD of plate buckling load from Monte Carlo simulation with 
the present approach, [0°/90°] laminate, with b/a=l and b/h=10. 

Key: — HSDT, FSDT, - - - CLT. 
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Figure 4.6: Sensitivity of SD of cylindrical panel buckling loads with SD of basic material 
properties, [0°/90°] laminate, with b/a=l and b/h=10. 

(a) only E n varying; (b) only E 22 varying; (c) only G u varying; 

(d) only u l2 varying; (e) only G u varying; (f) only G 23 varying. 

Key: As in figure 4.4. 
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Figure 4.7: Sensitivity of SD of cylindrical panel buckling loads with SD of basic material 
properties [0°/90°] laminate, with b/a=l and b/h=100. 

(a) only E n varying; (b) only E& varying; (c) only G 12 varying; 

(d) only z/ 12 varying;, (e) only G vi varying; (f) only G 23 varying. 

Key: As in figure 4.4. 
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Figure 4.8: Sensitivity of SD of cylindrical panel buckling loads with SD of basic material 
properties, [0°/ 90°/ 90°/0°] laminate and b/a=l, with all basic material properties 

changing simultaneously. 

(a) b/h=10; (b) b/h=100. 

Key: As in figure 4.4. 
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Figure 4.9: Sensitivity of SD of cylindrical panel buckling loads with SD of basic material 
properties, [0 o /90°/90 o /0°] laminate, with b/a=l and b/h=10. 

(a) only Eu varying; (b) only E 22 varying; (c) only Gu varying; 

(d) only u n varying; (e) only G\z varying; (f) only G 2 3 varying. 

Key: As in figure 4.4. 
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Figure 4.10: Variation of SD of cylindrical panel bucklong loads with SD of basic 
material properties, [0 o /90 o /90 o /0°] laminate, with b/l=l and b/h=100. 

. (a) only E u varying; (b) only E 22 varying; (c) only G l2 varying; 

(d) only z/ 12 varying; (e) only G 13 varying; (f) only G 23 varying. 

Key: As in figure 4.4. 
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Figure 4.11: Comparison of spherical panel buckling load from Monte Carlo simulation 
with the present approach, [0°/90°] laminate, with R/b=5, b/a=l and b/h=10. 

Key:- PT: FSDT — ; HSDT 

MCS: FSDT — O— ; HSDT 
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Figure 4.12: Sensitivity of SD of spherical- panel buckling loads with SD of basic material 
properties with all basic material properties changing simultaneously, b/h=10'and 

R/b=5. • 

Key: — FSDT, HSDT. 
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Figure 4.13: Sensitivity of SD of spherical panel buckling loads with SD of basic material 
properties with all basic material properties changing simultaneously, b/h=100 and 

R/b=5. 

Key: As in Figure 4.12. 
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Figure 4.16: Sensitivity of SD of spherical panel buckling loads with SD of basic material 

property, E 22 for b/h=10 and R/b=5. 

Key: As in Figure 4.12. 
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Key: As in Figure 4.12. 
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Figure 4.19: Sensitivity of SD of spherical panel buckling loads with SD of basic material 

property, G \ 2 for b/h=100 and R/b=5. 

Key: As in Figure 4.12. 
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Figure 4.21: Sensitivity of SD of spherical panel buckling loads with SD of basic material 

property, G\z for b/h=100 and R/b=5. 

Key: As in Figure 4.12. 
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Figure 4.27: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, square laminate with all basic material properties changing 

simultaneiously. 

(a) b/h=5 and [60°/ - 60°/60°/ - 60°]; (b) b/h=10 and [60°/ - 60°/60°/ - 60°]; 

(c) b/h=5 and [30®/ - 30730°/ - 30°]; (d) b/h=10 and [30°/ - 30°/30°/ - 30°]; 

(e) b/h=5 and [45°/ - 45°/45°/ - 45°]; (f) b/h=10 and [45°/ - 45°/45°/ - 45°]. 

Key: :CCCC, :CFCF,- - - :SSSS. 
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Figure 4.28: Variation of SD/mean of the nond'imensionalised buckling loads with SD of 
basic material properties, [60°/ — 60°/60°/ - 60°] square laminate, with b/h=5. 

(a) only E n varying; (b) only E 22 varying; (c) only G n varying; 

(d) only G n varying; (e) only G 23 varying; (f) only varying. 

Key: As in Figure 4.27. 
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Figure 4.29: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [60°/ - 60°/60°/ - 60°] square laminate, with b/h=10. 

(a) only E n varying; (b) only E22 varying; (c) only G u varying; 

(d) only G13 varying; (e) only G 2 3 varying; (f) only u l2 varying. 

Key: As in Figure 4.27. 
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Figure 4.30: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [30°/ — 30°/30°/ — 30°] square laminate, with b/h= 5. 

(a) only E n varying; (b) only E 2 2 varying; (c) only G x2 varying; 

(d) only Giz varying; (e) only G 23 varying; (f) only z/ 12 varying. 

Key: As in Figure 4.27. 
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Figure 4.31: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [30°/ — 30°/30 °j — 30°] square laminate, with b/h= 10. 

(a) only E n varying; (b) only En varying; (c) only G n varying; 

(d) only Gis varying; (e) only G 2 3 varying; (f) only u l2 varying 
Key: As in Figure 4.27. 
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Figure 4.32: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [45°/ - 45°/45 0 / - 45°] square laminate, with b/h= 5. 

(a) only E n varying; (b) only E 2 2 varying; (c) only G x2 varying; 

(d) only G 13 varying; (e) only G 23 varying; (f) only varying. 

Key: As in Figure 4.27. 
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Figure 4.33: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [45°/ — 45°/45 0 / — 45°] square laminate, with b/h= 10. 

(a) only E n varying; (b) only E 22 varying; (c) only G x2 varying; 

(d) only Giz varying; (e) only G 23 varying; (f) only u l2 varying. 

Key: As in Figure 4.27. 
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Figure 4.34: Validation of results by the present SFEM approach with Monte Carlo 
simulation and available results for [0°/90°] square cylindrical laminate, with R/b=5, and 

b/h=10. 

Key:- 0: Present approach, +: SCA, □ : MCS. 
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Figure 4.35: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [0°/45°/ - 45°/90°] square cylindrical laminate and R/b=5, 
with all basic material properties changing simultaneously. 

(a) b/h=2; (b) b/h=5. 

Key:- <>: CCCC, +: CCCF, □: CCCS, x: CFCF, A: SSSS. 
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Figure 4.36: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [0°/457 - 45790°] square cylindrical laminate, with R/b=5 

and b/h=2. 

(a) only En varying; (b) only E 22 varying; (c) only Gu varying; 

(d) only (? 13 varying; (e) only G 23 varying; (f) only u n varying. 

Key: As in Figure 4.35. 
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Figure 4.37: Variation of SD/mean of the nondimensionalised buckling loads with SD of 
basic material properties, [0°/45°/ - 45°/90°] square cylindrical laminate, with R/b=5 

and b/h=5. 

(a) only En varying; (b) only E 22 varying; (c) only G\ 2 varying; 

(d) only (7 13 varying; (e) only G 23 varying; (f) only u l2 varying. 

Key: As in' Figure 4.35. 
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.Figure 4.39: Variation of standard deviation (SD) of the nondimensionalised buckling 
load of a [45°/ — 45°/45 0 / — 45°] laminated spherical square panel with all basic material 

properties changing simultaneously. 

Kev:- — :CCCC :CFCF, - - - :SSSS. 
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Figure 4.40: Variation of SD/mean of the nondimensionalised buckling load of a 
[45°/ - 45°/45 0 / - 45°] square spherical laminate with SD of E n . 

Key: As in Figure 4.39. 
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Figure 4.41: Variation of SD/mean of the nondimensionalised buckling load of a 
[45°/ — 45°/45 0 / — 45°] square spherical laminate with SD of E^. 

Key: As in Figure 4.39. 
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Figure 4.46: Comparison of a [0°/45°/ — 45°/90°] spherical laminated panel buckling load 
scattering with a [0°/45°/ — 45°/90°] cylindrical laminated panel with all basic properties 

changing simultaneously. 

Key: :Spherical Panel, Cylindrical Panel. 
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Figure 4.47: Comparison of a [0°/45°/ - 45°/90°] spherical laminated panel buckling load 
scattering with a [0°/45°/ - 45°/90°] cylindrical laminated panel with SD of E, u . 

Key: As in Figure 4.46. 
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Figure 4.49: Comparison of a [0°/45°/ - 45°/90°] spherical laminated panel buc klin g load 
scattering with a [0°/45°/ - 45°/90°] cylindrical laminated panel with SD of G 12 . 

Key: As in Figure 4.46. 
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Figure 4.50: Comparison of a [0 0 /45 0 / - 45°/90°] spherical laminated panel buckling load 
scattering with a [ 0 °/ 45 °/ — 45°/90°] cylindrical laminated panel with SD of G\ 3 . 

Key: As in Figure 4.46. 
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Figure 4.52: Comparison of a [0°/45°/ — 45°/90°] spherical laminated panel buckling load 
scattering with a [0°/45°/ — 45°/90°] cylindrical laminated panel with SD of z/ 12 . 

Key: As in Figure 4.46. 




CHAPTER V 


FREE VIBRATION OF COMPOSITE PANELS 


5.1 Introduction 

Most structures, irrespective of their place of use, are subjected to dynamic loads 
during their operational life. The aim of the designer is to control undesirable vibrations, 
otherwise it may eventually lead to the failure of the structures due to fatigue. To achieve 
this, it is necessary to have a thorough understanding of the dynamic response of the 
structures. 

Composite materials are finding extensive applications in primary and secondary 
structures in aeronautical and space projects, like advanced aircrafts, helicopters, launch 
vehicles, satellite, space stations etc. As stated earlier in Chapter I, the composite laminates 
do exhibit random material properties. It is important to point out that computer simulation of 
some of the proposed configurations of aeronautical and large outer-space installations often 
show closely packed/overlapping natural frequencies of some of the components. In such 
cases, even a slightest shift in characteristics of the components can have pronounced effects 
on the response of the structures and it becomes imperative to model the material properties 
as random. 
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In this chapter, a probabilistic solution procedure based on the classical approach and 
finite element method in conjunction with first order perturbation technique is presented for 
free vibration analysis of composite laminates, cylindrical and spherical panels with random 
material properties. The shear deformation and rotatory inertia effects have been incorporated 
for deriving the equation governing the random eigen value problem. Second order statistics 
for natural frequencies of the panel with known second order statistics of material properties 
have been obtained for different panel curvature to side ratios (R/a) and side to thickness 
ratios (a/h) for different boundary conditions. 

5.2 Stochastic Classical Approach (SC A) 

The Navier and Levy type solutions are possible for cross-ply composite panels with 
certain boundary conditions. When these solutions are combined with the probabilistic 
method, it is possible to analyze the random generalized eigen value problem associated with 
free vibration of composite laminated panels with random material properties. A detailed 
study is presented in this section to obtain the second moments of the natural frequencies of 
laminated composite plates, cylindrical and spherical panels using SC A. 

5.2.1 Formulation 

The free vibration equation is obtained by setting the in-plane loads and excitation 
terms to zero in the governing Equation (3.34). 

The solution technique changes with the edge support conditions of the panel. For all 
edges simply supported, Navier type exact solution is possible for cross-ply panels. When 
two opposite edges are simply supported while the other two side edges have a combination 
of free, fixed and simple support, a Levy type closed form solution is possible. in conjunction 
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with state-space approach. Detailed sequence of steps is outlined below for such problems to 
obtain the second order statistics of the natural frequencies and mode shapes. 

For combinations of edge support conditions that are not amenable to exact solution, 
the generalized eigen value solution can be obtained by using series representation, 
approximate energy and variational methods, finite element method and other numerical 
techniques. It may be noted that the steps required for computing the statistics of the natural 
frequencies and mode shapes remain the same as presented below for the exact solutions. 

5.2.1.1 Navier Type Solution 

The displacements are expressed in the following form for all edges simply supported 
cross-ply panels vibrating in its principal mode 

u 1 (^X 2 ) exp( ift )* t ) ; v = 2V mn f 2 (x v x 2 )exp(ico* t) ■ 

m,n=l m,n=i 

w= £w^/ 3 (;q,* 2 )exp(iV0; 0i = ; (5.1) 

m,n—i m,n—l 

02 = £ <t>mn fl Ot - *2 ) eXp(/(U* t) , 

m,n= 1 

where i = V-T and 

f x (x, ,x 2 ) = cos ax x sin (k 2 ; f 2 ^ , x 2 ) = sin ax x cos fix 2 ; 

(5.2) 

/ 3 (X[ , x 2 ) = sin coq sin jSx 2 ; a~m.nl a\ (3 =nn lb. 

Substitution of Equation (5.1) into Equation (3.34) results in an exact solution; , which can be 
arranged as a generalized eigen value problem form as 

KA = AMA m,n =1, 2, , = (5.3) 

where A = 177 V W d (1) d (2) f, Kand M are real symmetric stiffness and inertia 

mn mn mn > mn » mn J 1 

matrices, and A = ft)* 2 , ft)* is the frequency of natural vibration in radians. 
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5.2.1.2 Levy Type Solution 

The state-space concept [102, 103] is used to analyze the free vibration problem of 
cross-ply panels. The edges x 2 =0 and x 2 = b are assumed to be simply supported, while the 
remaining ones X[=0 and X[= a may have any arbitrary combination of free, clamped, and 
simply supported edge conditions. The generalized displacements are expressed as products 
of undetermined functions and known trigonometric functions which satisfy identically the 
simply supported boundary conditions at x 2 =0 and x 2 = b: given by 
u = w = <j) x = N 2 = M 2 = P, = 0. 

The system is assumed to vibrate in its principal mode. The displacement quantities may be 
expressed as 

u = U m Oj )/ ( (x 2 ) exp (ico* t)- v = V m (x,) f 2 (x 2 ) exp (iw* t ) ; 

w = W m (x l ) f 3 (x 2 )tXTp(iCO*t)- fa = X m (x { ) / 1 (x 2 )exp(itu , 0; (5.4) 

02 = 40i) / 2 (x 2 )exp(im‘r), 

where 

f x (x 2 ) = sin /k, ; f 2 (x 2 ) = cos /3x 2 ; / 3 (x 2 ) = sin /k, ; yS = mt/b, (5.5) 


Substitution of Equations (5.4) in Equations (3.34) results in equations dependent on only 
spatial coordinates. These are put in the state-space form by introducing the following 
variables. 


Z x =U m , Z 2 =u' m -, Z 3 =V m ; Z 4 =1C; Z 5 =W m ; Z 6 =<; Z 7 =<'; 

z.=wT; = 2 10 = z; ; z u = r m -, z 12 = c 


(5.6) 


where primes over the variables indicate differentiation with respect to X[. The system 
equation takes the form 


Z= AZ; 


(5.7) 
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in which matrix A depends on the system stiffness, rotatory inertia and wavelength 
parameters. Since the stiffness coefficients are random, the elements are also random. 

Solution to Equation (5.7) can be written as [102, 103] 

Z(x t ) = e^'S. ( 5 . 8 ) 


where A is a constant column vector associated with the boundary conditions and e Ax ' is 
given by 


’ Ax ' = S 




0 


0 

oK* i 




(5.9) 


The value of n is 12 for the present formulation. Here X, denote the eigenvalues of A and S 
the modal column matrix of eigen vectors of A. 


Boundary Conditions 

The boundary conditions for simply supported (S), clamped (C), and free (F) along 
the edges Xt=0 and xi=a are 


S: v= w = <j) 2 = N l = P, =0; 


u — v = w = -- = = <t >2 = 0 ; 

ax x 


(5.10) 


4 4 4 dP dP 

N x = N 6 = M x = P x = (M 6 P 6 ) = [Q, --R x + = 0. 


Eigen Value Problem 

Substitution of Equation (5.8) into the boundary conditions associated with the 
remaining two opposite edges xi=0 and x ( = a, results in a homogeneous system of equations 
which can be rearranged into a generalized eigen value problem form as 
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KA = AMA; ( 5 - u ) 

where K and M are the stiffness and inertia matrices, and A is the mode shape and X = co * 

with co* as the frequency of natural vibration. 

The stiffness matrix K is random in nature, being dependent on the system material 

properties. Therefore, the eigen values X and natural frequency co* are also random. 

Consequently eigen vectors and the associated displacement shape functions are also random. 
The solution approach being outlined below attempts to obtain the statistics of these 
characteristics. 

5.2.2 Probabilistic Analysis: A Perturbation Technique 

Without any loss of generality, as stated in Section 4.2.2, the random variables may be 
written as the sum of a mean and a zero mean random part (refer Equation 4.44). 

A,.=A: + A:; Aj = A, + K = K + K r (5.12) 

where A ; = ol’f; = 257*,- (d[ + &)*[ , i-1, 2,..., n. (5.13) 

The study is restricted to a class of problems where the random variation is small as 

compared with the mean of the material properties. This is true of the materials used in 
engineering applications including composites. Further, it is quite logical to assume that the 
dispersion in derived quantities like X, on*, A and K are also small as compared to their mean 
values. 

Substituting Equation (5.12) into Equation (5.11), expanding and collecting same order of 
magnitude terms for i th eigenvalue, one obtains for zero and first order terms: 

KA ; = A^MA; ; (5.14) 

(K - a1m)a; = -(K r - a;m)a, . 


(5.15) 
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Equation (5.14) is a deterministic equation relating the mean quantities and is the same as 
obtained for the deterministic analysis. The mean eigen values and corresponding mean eigen 
vectors can be determined by any standard conventional eigen solution procedures [102]. 

For the all-distinct eigen values, the normalized eigen vectors satisfy the orthogonality 
conditions [120] 


A^MAj = <5,. ; 
A r ,KA ; .=5„l;, 


i, j = 1,2, , n 


(5.16) 


where 8,- is the Kronecker delta. 

The mean eigenvectors form a complete orthonormal set and any vector in the space 
can be expressed as their linear combinations. Hence, the i th random part of the eigenvectors 
can be written as [102, 119] 


A? = ZCVi,, 

;=i 


j i\ C ii — 0 , 


(5.17) 


where, C r ij ,s are small random coefficients yet to be determined. 

Substituting Equation (5.17) in Equation (5.15), pre-multiplying by Af and A.J (k&), 

respectively and invoking the orthogonality conditions given in Equation (5.16), one gets 
[119] 


AJ- = A, T K r A,; 


(5.18) 


a: 


: ^ 


a; K r 


X-A. 


Mi- 


(5.19) 


In the case of repeated eigenvalues obtain from Equation (5.14), the eigenvectors are not 
unique and to obtain the orthogonality conditions in Equation (5.16) the following 
modification is required. 

For the l multiple eigen values A., A[ is determined by [48] 
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(5.20) 


where D and C are the matrices with elements 

d kJ =Jl K r gj, c a =glMg k ' c tj = 0, k*j, 

where g k , k = 1, 2 are eigenvectors corresponding to A ; . From the expression 


A i = irjfg jt i = l,2,....,/ ( 5 - 22 ) 

one gets the l eigenvectors A ; , i — 1, 2, ,/ that are orthogonal to each other as well as the 

other eigenvectors and A), can be expressed by 


= 2 A, ■ 

j = i 


- AjK r A. 


A, 


'h 


k= i, i+l-1, j=l,...,i+l,....,n 


= 0, k, j = /, i+1, i+l-1, k^j (5.23) 

For the present case A, (D, A and K are random because of the material properties, as 
stated earlier, are random. Let bi, b 2 , ...., b m denote the random material properties. The bj* 
can be expressed as (refer Equation 4.52) 


b j =b j +b r j (5.24) 
According to first order Taylor’ s rule, when b] are small compared with their mean values, 

we can expand the dependent quantities A, A and K about their mean values, giving their 
random parts as (refer Equation 4.53) 


i; = ZV;-, = k; = £K , 

j - 1 - y=l j = 1 


For the distinct eigen value systems, we have [119] 


^/.y = Aj K jA, 


(5.25) 


(5.26) 
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For the multiple eigen values, A xj satisfies the following relation 

Arj-\ J Cri=0, (5.28) 

where C is the same matrix as in Equation (5.20). The elements of A are 

A„ = gr Kj g t , r, s = 1, 2, , /. (5.29) 

and 



Aj K, A. 

V l 

K-K 


s * i, i + 1,...., i + l - 1. 


(5.30) 


Using above first and second parts of Equation (5.25), the eigen value and mode shape 
covariance are obtained as (refer Equation 4.55) 


m m 


Var(/ lj) = X X Kj\k Cov (bj,b k ) ; 


Var ( Aj A* r ) = X XA, -A , k Cov(b p b k ) ; (5.31) 


-ik—i 


The variances of A ; and A ; can be evaluated from Equation (5.31) with the help of Equations 


(5.26), (5.27), (5.29) and (5.30). 


5.2.3 Results and Discussion 

The second order statistics of the first five natural frequencies for composite panels 
have been obtained using HSDT. The lamina material properties Eu, E 22 , Gn, G 13 , G 23 and 
V ]2 are modeled as basic RVs. Eu and E 22 are the longitudinal and transverse elastic modulii, 
respectively. G 12 is the inplane shear modulus, G13 and G23 are the out of plane shear modulii 
and V12 is the Poisson ratio. The lamina stacking sequences of [0°/90°] and [O°/9O 0 /90 0 /0 0 ] 
have been used for numerical computations. 

The following two sets of numerical values and relationships between the mean 
values of the material properties for graphite/epoxy composite have been used for the 


computation: 



172 


Chapter^ V: Free Vibration ofComposite Panels 


Material — 1: £,, = 2 5E 22 ,G [2 — G 13 — 0.5£ 2: , G 23 — 0.2 £ 22 , v l2 0.25, p 1 

Materjod-2: E u = 40 £ 22 ,G 12 = G 13 = 0 .6E 22 ,G 22 = 0.5£ 22 , v 12 = 0.25, p = 1 

The shear correction factors are taken as 5/6. 

The influence of the scattering in the material properties on natural frequency has 

been obtained by allowing the ratio of the SD (cr)to mean (p) to vary from 0% to 20% [51] 
for laminated cross-ply panels. The transverse shear and rotatory inertia effects have been 
accounted for in the study as detailed in the formulation. The mean natural frequencies have 

been nondimensionalized as a = (aJ* a 2 ^ p / E 22 ) / h . While, the variances of the square of 

the nondimensionalised natural frequency have been normalized with the corresponding 
mean values. The proposed approach has been validated by comparison with an independent 
Monte Carlo simulation results. 

5.2.3.1 Composite Plates 

Validation 

Figure 5.1 shows the results obtained from the perturbation approach and Monte 
Carlo simulation for [0 0 /90°/90°/0 0 ] laminated square plate with all edges simply supported 
with a/h=10 for Material -1. The number of samples used for the simulation is 15000. This 
number has been arrived at on the basis of satisfactory convergence of the second moments. 
It is observed that the perturbation results are in good agreement with the MCS. The variation 
in the natural frequencies scatter is almost linear with the scatter in the material property. The 
variances of the natural frequencies obtained using both the approaches vary linearly with SD 
of the material property. Therefore, it can be concluded that the first order perturbation 
technique is capable of capturing the complete behavior of the variation of the fundamental 
frequency. This is important as terms up to first order onlv has been considered in Tavlor’s 



Chapter^ V: Free Vibration of Composite Panels T73 

series expansion making the response dispersion a linear function of SD of material property. 
However, no such restriction regarding linearity was put in case of MCS approach. The 
difference in the nature of the two approaches is indicated by the deviations seen for the 
higher value of alp, for E n particularly in the third natural frequency. 

Second Order Statistics 

Results have been obtained for a square plate with a/h=10 and 100. All edges simply 
supported have been assumed for the panel. To examine the effect of orthotropicity, the 
Material -2 is also used for computations. To check efficacies of various theories, a 
comparison of the results with CLT, FSDT and HSDT models have been made. 

Tables 5.1(a) and 5.1(b) list the first five nondimensionalised mean natural 
frequencies for a square laminate with a/h = 10 and 100 and for Material -land Material -2 
for the two stacking sequences. The higher value of fundamental frequencies, as expected, is 
observed for symmetric as compared to anti-symmetric cross-ply laminate. However, this 
observation is not always true for higher frequencies. It depends on the mode of vibration, a/h 
and modular ratios. The mean values of the mode shapes, also evaluated as a part of the 
computation, have not been presented here. It is seen that the transverse oscillations are 
dominant over any other oscillations. 

Figures 5.2(a) and 5.2(c) for Material -1 and Figures 5.2(b) and 5.2(d) for Material -2 
show the variation of frequencies with SD of basic RVs changing simultaneously for [0°/90°] 
laminate, with a/h=10 and 100, respectively. It is observed that the scattering in fundamental 
frequency is maximum for a/h=10 and Material -2. In general, higher deviations are observed 
for Material -2 as compared to Material -1. 

Sensitivity of frequency to changes in only one basic variable at a time for anti- 
symmetric laminate with a/h=l0 is presented in Figures 5.3(a) to 5.3(f) for Material -1 and in 
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Figures 5.4(a) to 5.4(f) for Material -2. The individual variation of E n ,E 22 ,G {2 and v 12 has 
dominant effect on the scattering of the fundamental frequency as compared to any other 
frequencies. Eu has the maximum effect on the lower natural frequencies. The two materials 
exhibit different sensitivities to the individual material properties. 

Figures 5.5(a) to 5.5(f) and 5.6(a) to 5.6(f) show the plots for the Material-1 & 2 for 
a/h=l00. Here also, it is observed that the fundamental natural frequency is most sensitive to 
E u . The two materials show different effect to the change in thickness ratio. For the 
dominant material property Eu, the thinner plate shows larger variations in the normalized 
frequency. 

Figures 5.7(a) and 5.7(c) for Material -1 and Figures 5.7(b) and 5.7(d) for Material -2 
plot the sensitivity of frequencies with SD of all basic material properties changing 
simultaneously for [0 0 /90°/90°/0 0 ] laminate with a/h=10 and 100. These graphs show that the 
most sensitive natural frequencies to change in basic RVs for the two materials are different 
for the two thickness ratios. Most sensitive frequencies for a/h=10 is the fundamental 
frequency for the two materials while for a/h=100, Material -1, it is the third while for 
Material -2, the fourth frequency is most sensitive. 

Figures 5.8(a) to 5.8(f) for Material -1 and Figures 5.9(a) to 5.9(f) for Material -2 
show the sensitivity of frequencies to individual variation of basic material properties for 
symmetric laminate with a/h=10: It is observed that the fundamental frequency is more 
sensitive to Changes in E n ,G l2 and v 12 for both the materials with Eu being the dominant 

material property. Material -1 indicates slightly greater sensitivity to material property 
changes except for Ei i and G23. 

The corresponding behavior of the frequencies for the two materials are plotted in 
Figures 5.10(a) to 5.10(f) and 5.11(a) to 5.11(f) for a7h=100. Here also, it may be noted that 
the variation of £,,has dominant effect on all the frequencies. 
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The effect of classical laminate theory (CLT), first-order shear deformation theory 
(FSDT) and higher order shear deformation theory (HSDT) on the scatter in the natural 
frequencies has been brought out by computing the variation of the fundamental frequency 
with material property SD for each of these models. The results have been computed for 
[0°/9O°/9O o /O o ] square laminate with a/h=10 for Material- 1. 

Figure 5.12 shows the results for a case when SD of all the material properties are 
changing simultaneously. From these results, it is clear that the CLT over predicts the 
fundamental frequency as compared to HSDT and FSDT. The FSDT also over predicts the 
fundamental frequency as compared to HSDT. However, the deviations are less as compared 
with the case of CLT. 

Figures 5.13(a) to 5.13(f) show the sensitivity of the fundamental frequency predicted 
by the three theories with variation of only one material property SD at a time, others being 
held deterministic. It is noted that the fundamental frequency computed using CLT over 
predicts as compared to FSDT and HSDT for individual variation of E n ,G n and v l2 while, it 
gives values comparable to HSDT for E 22 , G u , and G 23 . Further, it is also noted that the 
FSDT over predicts the fundamental frequency for individual variation of E n and G i3 and 
under predicts for G 23 . It gives values close to HSDT for variation in E 22 , G J2 and v l2 . It can 

be concluded that the results obtained using HSDT are always better than that of FSDT and 
CLT. 

Conclusions 

The second order statistics of the first five natural frequencies have been obtained for the 
two stacking sequences of cross-ply laminates. The following conclusions are drawn from the 
results for graphite - epoxy laminated plates with all edges simply supported: 



176 


Chapter V: Free Vibrati on ofComposite Panels 


• The fundamental mean frequency for anti-symmetric cross-ply is always lower 
than symmetric cross-ply laminate. However, the relative values of the other 
natural frequencies depend on the a/h ratio, mode of vibration and modular ratio. 

• The dispersions in the square of nondimensionalised natural frequency O 2 ) show 
linear variation with SD of the material properties. 

• The influence of SD of natural frequencies shows different sensitivity to different 
material properties. The sensitivity changes with the laminate construction, mode 
of vibration, a/h ratios and the material. However, any pattern in the variation in 
the sensitivity is not apparent in the cases studied. 

• Increase in thickness ratio of the plate results in reduction in the frequency scatter. 

• The classical laminate theory over predicts the scatter in the fundamental 
frequency. Even for thin plates, the use of classical laminate theory may not be 
appropriate for study of scatter in the fundamental frequency. 

5.2.3.2 Composite Cylindrical Panels 

Validation 

The results obtained for Material- 1 by the perturbation approach have been compared 
with those obtained by MCS. Figure 5.14 shows the comparison of results for a 
[0°/90 0 /90°/0 0 ] square laminate with R/a=5 and a/h=10. Normal distribution of the properties 
has been assumed for MCS. The random numbers are generated with specified means and 
standard deviations for the material properties. The total number of samples used for 
simulation based on convergence, is 15000. For Figure 5.14 only E u is taken as random 
while the other parameters are left as deterministic. The plot shows the linear variation of the 
normalized square of frequency (to 2 ) for both the approaches studied. It is observed that with 
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increase in SD/mean of £ n , more deviation is seen between the third natural frequency given 
by two approaches as compared to other frequencies. It is further observed that the present 
approximation underestimates the frequencies for all the cases. In general, for the range of 
SD of input RVs considered, the results are close to MCS results particularly the fundamental 
frequency. 

Mean and Variance 
Stacking Sequence: [0°/90°] 

The first five-nondimensionalised mean natural frequencies for Material- 1 have been 
obtained from Equation (5.14). The corresponding normalized mode shapes have also been 
obtained. Results are presented in Table 5.2(a). It is observed that there is large difference in 
natural frequencies between first and second modes as against any other consecutive modes. 
It is also observed that there is considerable change in mean natural frequencies as a/h 
increases. The fundamental frequencies are lower for R/a=10 than for R/a=5 for a/h=10. 
From the examination of mode shapes, it is seen that the radial oscillations are dominant. The 
mode shapes also reveal that the circumferential displacements are significant. 

The normalized SD of the square of the natural frequencies has been obtained for 
different SD of the basic material properties for Material-1. Figures 5.15(a) to 5.15(d) show 
the variation of the normalized SD of the first five natural frequencies to normalized SD of 
the material properties changing simultaneously. The ratio of SD/mean is assumed to be same 
for all RVs. Figures 5.16 (a) to 5.16(f), 5.17(a) to 5.17(f), 5.18(a) to 5.18(f) and 5.19(a) to 
5.19(f) show the plots for the two ratios of side to thickness and curvature of the panel to side 
with SD of only one material property changing at a time, others being held constant. These 
graphs show a linear behavior. There is significant change in frequencies as a/h increases. 
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The effect of scattering in material properties is found to be sensitive to panel thickness ratio. 
It is observed that the fundamental and fifth natural frequencies are most affected by 
simultaneous change in the basic RVs for both the ratios of R/a considered for a/h=10 and 
100, respectively. For a/h=10, the effects of scattering in material properties are found to be 
insensitive to the R/a ratio. However, for a/h=100, the impact of variation in material 
properties except G v is seen to be insensitive to R/a ratios considered. The effect of £ u on 
fundamental frequency is found to be strongest for a/h=10 while, the effect of G 12 is found to 
be strongest for a/h=100 for the R/a ratios considered. 

Stacking Sequence : [0° 190° 190° !0° ] 

The deterministic Equation (5.14) has been solved for different combinations of m 
and n and the first five mean natural frequencies and their mode shapes for Matereial-1 have 
been evaluated. The natural frequencies have been nondimensionalized and mode shapes 
have been normalized. Table 5.2(b) lists nondimensionalized natural frequencies and 
normalized mode shapes against a/h, R/a and axial and circumferential numbers m and n. It is 
seen that the fundamental frequency decrease as R/a increases for a given value of a/h. Like 
case 1 with stacking sequence [0°/90°], there is significant change in the mean frequencies as 
a/h increases. The mode shapes reveal that the displacements other than radial and 
circumferential are insignificant. It also reveals that the radial displacements are dominant 
over other modes. 

The normalized SD of the square of the first five natural frequencies is plotted in 
Figures 5.20 to 5.24 for the two ratios of a/h and R/a against normalized SD of the basic 
variables.- Figures 5.20(a) to 5.20(d) represent the variations in the natural frequencies due to 
simultaneous change in all the basic variables. Figures 5.21(a) to 5.21(f), 5.22(a) to 5.22(f), 
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5.23(a) to 5.23(f) and 5.24(a) to 5.24(f) present the sensitivities of frequencies to change in 
only one basic variable at a time. 

The panel natural frequencies are least affected with changes in R/a ratio for a/h=10 
and 100. However, for a/h=100, results show some variation with scattering in G l2 . The panel 
natural frequencies are very sensitive to the a/h ratios considered. 

The fundamental frequency is most and fourth natural frequency is least affected by 
changes in all basic RVs at a time for a/h=10 for the two R/a ratios considered. However, for 
a/h=100 the fifth and the fourth natural frequencies are most affected for R/a=5 and 10, 
respectively and the fundamental frequency is least affected for all the R/a values considered. 

The effects of E u on fundamental and G 13 on the fourth natural frequency are found 
to be the strongest for a/h=10. However, for a/h=100, the effects of E n on the fifth and 
fourth frequencies are dominant for R/a =5 and 10, respectively and G n on fundamental 
frequency for both the R/a considered. 

Conclusions 

An approach has been presented to evaluate the second order statistics of the first five 
natural frequencies for the two stacking sequences and Material- 1 of composite panel. The 
following conclusions are drawn from the studies carried out for laminated graphite-epoxy 
cross-ply cylindrical panels with all edges simply supported: 

• The mean fundamental frequency is higher for symmetric than for anti-symmetric 
cross-ply panels. However, for other modes, the relative values of the frequencies 
depend on the stacking sequence, R/a and a/h. The radial oscillations are dominant in 


the first five modes. 
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• The normalized SD of the square of the natural frequency changes linearly with SD 
of the material properties. 

• The natural frequencies show different sensitivity to randomness in different basic 
material properties. The dominant material property depends on the laminate 
construction, mode of vibration, R/a and a/h. 

• The natural frequencies show different sensitivity to a/h for a fixed ratio of curvature 
of panels to side (R/a). It is observed that there is significant change in frequencies 
as a/h ratio increases from 10 for a given value of R/a for the two stacking sequences 
considered. 

• The natural frequencies also have different sensitivities to symmetric and anti- 
symmetric cross-ply stacking sequences. 

• The natural frequencies are found to be insensitive to R/a for a/h=10 for the two 
stacking sequences considered. 

• The frequencies are also found to be less affected by R/a for scattering in material 
properties except G 12 for a/h=100 for the stacking sequences taken. 

• The natural frequencies are more sensitive to symmetric as compared to anti- 
symmetric cross-ply laminates for simultaneous change in the basic RVs with the 
sensitivity being dependent on mode of vibration, a/h and R/a. 

• The thin panels are more sensitive as compared to thick panels for variation in 
material properties. 

5.2.33 Composite Spherical Panels 
Validation 

Validation of the present approach has been done on similar lines as in the case of 
laminates. The results for Material -1 obtained by the technique presented have been 
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compared with MCS. Figure 5.25 shows the comparison for a [0°/9O o /90 o /O°] laminate with 
R/a=5, a/b=l, a/h=10 and only Eu is assumed as random, while other material properties 
being treated as deterministic for all edges simply supported (SSSS). The number of samples 
considered for simulation based on convergence is 15000. For the range of SD considered in 
the variable Eu the results from the present approach comes very close to MCS results. One 
can conclude that the FOPT adopted for the present analysis is sufficient to give accurate 
results for the level of variations considered in the basic random variables. 

Second Order Moments: Anti-Symmetric Cross-Ply Laminate [0°/ 90°] 

The outlined approach is validated by comparison with MCS results and then used to 
evaluate the second order statistics for the natural frequencies of two layers anti-symmetric 
cross-ply [0°/90°] graphite-epoxy spherical panels for Material- 1. The Levy type stochastic 
classical approach has been used for obtaining second moments of natural frequencies 

The panel geometry used is R/a=5, a/b=l and a/h=10. Results have been obtained for 
the mean and the variances of the natural frequencies and mode shapes for SSSS, SCSC, 
SSSC, SFSS, and SFSC boundary conditions.. 

Mean frequency 

The mean values of the natural frequencies and mode shapes have been obtained as 
the solution of the deterministic eigen value problem expressed by Equation (5.14). Table 5.3 
shows the first five nondimensionalised mean natural frequencies for the laminate with all 
edges simply supported (SSSS). The difference in mean natural frequencies between first and 
second modes is more as compared to any other consecutive modes. 

To examine the effects of different support conditions on natural frequency, the mean 
values of the non — dimensionalised fundamental frequency for the laminate with SCSC, 
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SSSC, SFSS, and SFSC boundary conditions are presented in Table 5.4. The results show 
that the fundamental frequency for SCSC and SSSC are higher as compared to any other 
support conditions. It also shows that the fundamental frequency for SFSS and SFSC are 
small as compared to any other support conditions. 

Frequency variance 

The variances of the square of the non-dimensionalised natural frequencies have been 
obtained for different SD of the basic material properties. Figure 5.26 represents the variation 
of the normalized SD of the first five natural frequencies of the laminate to normalized SD of 
the material properties for all edges simply supported (SSSS) while Figures 5.27(a) to 5.27(f) 
show the plots with only one material property SD changing at a time, others being held 
constant at zero level. These graphs show that the change in the normalized SD of the square 
of natural frequency is linear with the change in the material property SD. The dispersion in 
first five natural frequencies shows close growth rates with simultaneous variations in the 
material properties. The effect of simultaneous changes in all basic RVs on the fundamental 
frequency is found to be more as compared to any other natural frequencies for the thickness 
ratio considered. The fundamental frequency shows higher sensitivity compared to the others 
with regard to the individual variation of E u , Gn, E 22 and v 12 . Amongst all the material 
properties the effect of En on natural frequencies is found to be the strongest. 

Figure 5.28 shows the variation of the normalized SD of the non-dimensionalised 
fundamental frequency of the laminate to SD of the material properties changing 
simultaneously for SSSS, SCSC, SSSC, SFSS, and SFSC for Material-1. It is observed that 
the effect of simultaneous changes in the material properties on the fundamental frequency is 
maximum for SFSS and lowest for SSSS. SFSC lies in between SSSC and SCSC. However, 
these differences in dispersion are very small. It is further observed that almost equal 
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sensitivity is shown by the pairs SFSS with SFSC and SSSC with SC SC. Figures 5 . 29 (a) to 
5 . 29 (f) show the variation of the fundamental frequency of the laminate with the change in 
only one material property at a time for SSSS, SCSC, SSSC, SFSS, and SFSC. From 
examination of the results, it is observed that the effect of E u on dispersion in the 
fundamental frequency for SFSS and SFSC is the highest while, the dispersions for SSSS is 
lowest. It is also observed that the influence of G l2 for SSSS is more as compared to any 
other support conditions considered in this study. The supports with free boundary condition 
are also more sensitive towards changes in E22 as compared to other boundary conditions. In 
general, the fundamental frequency is most affected with scatter in E u and shows significant 
sensitivity with scatter in G12, E22 and G13 for all support conditions considered. The 
fundamental frequency is least affected with the changes in v 12 . The SCSC and SSSC are 
more sensitive towards changes in G23 as compared to any other boundary conditions. 

Conclusions 

The second order statistics of the natural frequencies for spherical laminates with 
rectangular plan form and different edge support conditions has been obtained. The following 
conclusions can be drawn from the results for graphite-epoxy laminated cross-ply spherical 
panels- 

• The SD of the square of the natural frequency changes linearly with SD of the 
material properties. 

• The fundamental frequency is most affected with simultaneous changes in SD of the 
material properties as compared to subsequent four natural frequencies. 

• For the SSSS laminate the effect of Eu is most dominant on dispersion in the natural 
frequencies and effect of v 12 is least dominant. Out of all the natural frequencies, the 
fundamental frequency is most sensitive to changes in Eu. 
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• The SFSS and SFSC are most sensitive while the SSSS are least sensitive against 
simultaneous changes in the material properties. 

• The effect of dispersion in longitudinal elastic modulus, E { i on the scatter in the 
fundamental frequency is most important for all support conditions considered 
while, the effect of v 12 is least important. 


5.3 Stochastic Finite Element Method (SFEM) 

For combinations of edge supports that are not amenable to closed form solution, the 
solution of the problem can be attempted by using approaches like- series solutions, 
approximate energy and variational methods, finite element method and other numerical 
techniques. In this section, a stochastic finite element method is presented for free vibration 
studies of composite plates, cylindrical and spherical panels with random material properties. 
The lamina material properties are modeled as random variables. These are incorporated into 
finite element formulation, which results in a random eigenvalue problem. A mean centered 
first order perturbation technique is then used to find the probabilistic free vibration response. 
Second order moments of the fundamental frequency of composite panels have been 
evaluated for various combinations of geometrical parameters, stacking sequences and 
boundary conditions. 

5.3.1 System Equations formulation 

The free vibration problem of laminated composite panels has been formulated by 
employing the Hamilton’s principle and solving the random eigen value problem arising due 
to randomness in material properties. 
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5.3.1.1 Strain Energy 

The strain energy due to bending of a laminated composite panel is given by (refer 
Equation 3.35) 


1 


U =-jr DedA- 

2 /i 


(5.32) 


For finite element analysis, this equation can be written as (Section 3.6 refer Equations 3.50, 
3.52 and 3.53) 

NE . . 

u =%u (e) 

£=l 


NE I 

= £ - \e D e dA 
<2 = 1 2 


(5.33) 


U w = - jA T(e) B t DB A M dA ; 
2 A w 


(5-34) 


= A T(e) K (e) A (e) , 


(5.35) 


where A and K are the element displacement vector and stiffness matrices respectively. 


5.3. 1.2 Kinetic Energy 

The kinetic energy of a vibrating panel in bending is 

1 NL 

-/( 2//;, p m i T idOdA; (5.36) 

2 A km l 

where uis the global displacement vector and is given by (refer Equation 3.42) 

u = {« v w}=NA (5.37) 

where N and A are as defined in Equations (3.44) and (3.8), respectively. 

Equation (5.36) can be rewritten as (refer Equation 3.45) 

P W A r N r N AdC)dA = -fA T m AdA- (5.38) 

2 A k-l 2 A 

where m is the inertia matrix as defined in Equation (3.46) 
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£ Jf‘ p ( *’ N r N JC 


Simplifying this equation we get 

p 0 0 0 q 2 0 q x 

P 0 q 2 q x 

p 0 0 0 0 

m = | / 2 0 / 3 0 

/ 2 0 / 3 

/, 0 
/, 


The inertia terms in Equation (5.40) are given by 

iVk C i - 

(p, ft, ft, /„ / 3 ) = 2 J p (k) [1, MCI hiC\ Mia Mia MC) AiC)] dC 

In terms of elemental values, the above equation may be written as 

NE . , 

T = 

e=l 


where, 

T (e) =- jA rw m A (e> dA 
Further, we have from Equation (3.47) 

NN 

A= S<P/A, 

i=l 

Substituting this in Equation (5.43), we get 
T“> = i JA ,™ m <p M A,“> d4 

2 a m 

Equation (5.45) may be rewritten as 

T M = q* r(f) M w q (e) 

where M (e) is the element mass matrix. 


(5.39) 


(5.40) 


(5.41) 


(5.42) 


(5.43) 


(5.44) 


(5.45) 


(5.46) 
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= - J (p ™ m (p M dA 

2 A {g) 


(5.47) 


5.3.1.3 Governing Equations 

Using Variational principles, the governing equations for free vibration can be 
derived.. The Lagrange’s equation for a conservative system can be written as [97, 120] 

■^-(dT!dqi) + = fori=l,2,... (5.48) 

Here q t represent the generalized coordinates and q. denote the generalized velocities. 
Substituting Equations (5.35) and (5.46) in Equation (5.48) yields 

K q* +M q* =0 (5.49) 

Assuming that the system vibrates in its principal mode, Equation (5.49) can be written as 

(K - A M) q* = 0 (5.50) 

*2 * 

where A = co with (0 as natural frequency of vibration and 

* MS *(e) 

q = 2 q - Global displacement vector 
K = 2 K (e) - Global stiffness matrix 

NE 

M = 2 M J - Global inertia matrix 

«=i 

It is often desirable to solve a standard eigenvalue problem as opposed to a generalized eigen 
value problem because the behavior of a standard eigenvalue problem is much better 
understood. If M is positive definite, it is always possible to transform Equation (5.50) into a 


standard eigenvalue problem [119]. 
A q* = A q*; 


where 


(5.51) 
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(5.52) 


Equation (5.51) is the characteristic equation for free vibration of the laminated 
composite panels. 

In Equation (5.51) the elements of A matrix are random because the material 
properties are random. Consequently, the natural frequencies and its mode shapes are also 
random. 

Therefore, a straightforward solution, as in a deterministic case would not be possible. The 
method of solution of this random equation is presented in the next section. 

5.3.2. Method of solution 

The sequence of steps as given in Chapter IV, Sub section 4.3.2 for probabilistic 
analysis of random standard eigenvalue problem in case of initial buckling of composite 
panels would basically remain the same for the free vibration response of random standard 
eigenvalue problem. In this section, an approach based on left and right eigenvectors are 
suggested which is suitable for handling large size of stiffness matrix arising from the finite 
element analysis [119]. 

The random variables may be split up without any loss of generality (refer Equations 5.12 
and 5.13) 

b i =b i +b [ ; A = A + A r ; =X. + X r p q* =q*. +q*. ; <y* = aj* +w] r (5.53) 

Substituting Equation (5.53) into Equation (5.51) and keeping only terms up to first order, 
one obtain (refer Equations 4.47 and 4.48) 

Zeroth order: A q* = X. q * ; (5.54) 

First order: A q*. r + A r q* = X. q* r + V. q* r 


(5.55) 
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In Equation (5.55) A can be obtained from Equation (5.52) making use of Equation (5.53). 

Following the same procedure of separation of the first two equations, the expression for A r 
is given as 


A r =M _1 K r 


(5.56) 


Thejth first order random vector can be written as (refer Equation 4.49) 

q7=£c,;q;,/*y; C/=0, 


(5.57) 


Substituting Equation (5.57) in the first order Equation (5.55), pre-multiplying the resultant 
expression by qj and making use of the orthogonality conditions [119], one gets 

^•=qjA r q*; (5.58) 

where, the eigenvectors q ; and q * are also known as the left and right eigenvectors of A , 
respectively. 

The random variation is assumed to be very small as compared with the mean part of 
the material properties, which is the situation in most sensitive engineering applications, 
where composites are being used. It is, therefore, reasonable to assume that the dispersion in 
derived quantities like A, co, q* and A are also small as compared to their mean values. 

The random variables, A, q’,q; and A can be represented by Taylor’s series expansion 


about b { , i=l, 2, , m. Keeping only first order terms, the relation are (refer Equation 4.53) 


q;=Sq ,jb;\ ' u b; a = £a.,*', 

l -\ i=l /=! i-l 


(5.59) 


where , i is the partial differentiation with respect to b i evaluated at b i . 


On substitution of Equation (5.59) into Equation (5.58) and comparing the coefficients of a 
basic random variable b ■ , we get 
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The variance of the eigenvalue can now be written as (refer Equation 5.3 1) [111] 


Var(X. ) = 2 X Xj,i Xj,k Cov(b i , b k ) 

i=i *=i 


(5.61) 


where Cov(b t ,b k ) is the covariance between b, and b k . 


5.3.3 Results and Discussion 

Using the technique presented in the previous sections, second order statistics of the 
fundamental frequency of graphite-epoxy panels have been evaluated with different support 
conditions using HSDT. The material properties of the composite lamina have been modeled 
as basic random variables. A nine noded Langaragian isoparametric element, with 63 DOFs 
per element for the HSDT model has been used for discretizing laminated shallow panels of 
rectangular plan form. These elements are found to be quite stable. Results have been 
computed by employing the full (3x3) integration rule for thick panels and reduced (2x2) 
integration rule for thin panels. Based on convergence study conducted for the second order 
statistics of the fundamental frequency, a (5x5) mesh has been used throughout the study. 
The following non-dimensional mean fundamental frequency has been defined: 

(S = (co* a 2 / h; 

in which aJ* is the dimensional mean fundamental frequency. 

Various combinations of edge support conditions of clamped (C), free (F) and simple- 
supports (S) have been used for the investigation. The boundary conditions for the panel are, 
therefore, 

Clamped edge: ii = v = w = <j>, =<t> 2 =0,=0 2 =O; 

Free edge: w? i v^w^(J) 1 ^()) 2 ^0 1 ?i0 2 ?iO; 

v = w = 0 2 = (j) 2 =Oor w = w = 0 1 =(j) 1 =O. 


Simply supported edge: 
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The following mean material properties have been used in the present investigation: 
E n =25E 12 , G n — G [3 = 0.5 E 22 , G 23 =0.2 E 22 , v 12 =0.25, and p = 1. 

This is the same as Material- 1 of Section 5.2.3. 

5.3.3. 1 Composite Plates 

Validation 

Figure 5.30 shows the comparison of the probabilistic finite element results with MCS 
and that obtained from SCA for [0 o /9O°/9O°/0 0 ] laminated square plate with all edges simply 
supported with a/h=10. Here also, the number of samples used for the MCS study is 15000. It 
is observed that the results are in overall good agreement with the MCS and SCA. However, 
the SFEM results show more difference with MCS in comparison to SCA. This may be due 
to the large numerical round off errors involved with SFEM. For the range of scatter in the 
materials considered, the square of the fundamental frequency varies linearly with material 
properties. 

Table 5.5 shows the comparison of the nondimensionalised mean fundamental 
frequency obtained using SFEM and SCA for a square laminate with a/h = 10 and 100 for the 
two stacking sequences [0°/90°] and [0°/9O 0 /90°/O 0 ]. The results are in good agreement. 

Second Order Statistics 

Second order statistics of fundamental frequency have been evaluated for a graphite- 
epoxy square plate with a/h=5 and 10 with CCCC, SSSS and CFCF boundary conditions. The 
stacking sequence considered for the study is [(f. /45°/-4S°/90°] . 
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Frequency expectation 

Table 5.6 list the non-dimensional mean fundamental frequency (co), for the 
laminated composite square plates for a/h = 5 and 10 with CCCC, CFCF and SSSS boundary 
conditions. As expected, the CCCC panels give higher values as compared to others support 
conditions. The fundamental frequency increases as a/h ratio increases. 


Frequency Variance 

Figures 5.31 (a) and 5.31 (b) show the variation of square of the fundamental 
frequency of the square plate with SD of material properties varying simultaneously for a/h=5 
and 10, respectively. From the examination of results, it is observed that for a/h=5, CCCC 
panel shows larger scatter in frequency as compared to SSSS and CFCF panels. The 
difference between CCCC and CFCF are small, while the difference is large between CCCC 
and SSSS panels. For a/h=10, the CCCC and CFCF panels show almost the same sensitivity. 
Other observations are similar to the panel of a/h=5. The sensitivity of panels changes as the 
a/h ratio changes. These changes are appreciable in the cases of CCCC and CFCF panels as 
compared to SSSS panel. 

Figures 5.32(a) - 5.32(f) present the variation of normalized SD of square of the 
fundamental frequency (to 2 ) for the square plate with SD of material property changing one at 
a time, other deterministic for a/h=5, while Figures 5.33(a)-5.33(f) plot for a/h=10 for 
different edge conditions. 

For a/h =5, it may be noted that the CCCC panel is least affected with scatter in En, 
E 22 , G 12 and V 12 , while it is most affected with scatter in out of plane shear modulii. Further, it 
is also important to note that the CCCC and CFCF panels show closeness in scatter in 
frequency against variation in material properties. However, it is not so in the case of 
Poisson’s ratio scatter. The CCCC and CFCF panels are most sensitive to G 13 , while SSSS 
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panel is most sensitive to En- The panels are least affected with changes in the Poisson’s 
ratio. 

For a/h=10, the panels are most affected with SD of the En, while least affected with 
the SD of Poisson s ratio. The effects of Go on scatter of the fundamental frequency of 
CCCC and CFCF panels are considerable. The CFCF panel is most sensitive as compared to 
other edge conditions against individual variation of material properties. The results reveal 
that the sensitivity of CCCC and CFCF panels are close to each other for the case of all 
material property variations except in the case of Poisson ratio. The results also reveal that 
SSSS panels do not show that much sensitivity against variation of the out of plane shear 
modulii compared with other end conditions panels. 

Conclusions 

The second moments of the square of the fundamental frequency of a laminated 
composite plate have been obtained using SFEM. The main conclusions are: 

• The scatter in the fundamental frequency increases with the individual variations of 
En, E22, Gi2 and Vi 2 as the side to thickness ratio increases, while the scatter decreases 
with Go and G23. 

• CCCC panel with a/h=5 is most sensitive against simultaneous change in the material 
properties, while SSSS panel with a/h=5 is least sensitive. 

• The dominance on scatter in the fundamental frequency changes from En to G 13 as 
a/h ratio changes from 10 to 5. 

• The panels are least affected with changes in the Poisson’s ratio. 



5.33.2 Composite Cylindrical Panels 


Validation 

Validation study of the proposed technique for cylindrical panels has been 
done on similar lines as in the case of plates. Figure 5.34 shows the results obtained by the 
SFEM along with the exact independent MCS for a [0°/90°/0°] laminated cylindrical panel 
with all edges simply supported for Material-1. The panel parameters are R/a= 5, art= 1 and 
a/h=lQ. Only longitudinal elastic modulus En has been taken as random variable. In this 
study, the exact MCS implies that the variance has been obtained using the Navier type 
solution approach, which is possible for all edges simply supported cylindrical panel [95]. A 
reasonably good agreement is seen. It is observed that with increase in SD/mean of E u , there 
is some deviation between the two results. The present approximation underestimates the 
fundamental frequency compared with those of MCS. This may be due to the numerical 
round off in the computations. 

Statistical moments of the fundamental frequency 

Using the approach presented in the previous section, second order statistics of 
fundamental frequency of graphite-epoxy cylindrical panels have been evaluated for R/a= 5, 
a/b = l and a/h = 5 and 10 with different support conditions using HSDT. 

Frequency expectation 

Table 5.7 list the non-dimensional mean fundamental frequency (CD), R/a=5 and 
a/b= 1, of [(f/45°/-45°/9(f] CCCC, CFCF and SSSS laminated composite cylindrical panels 
for a/h = 5 and 10. As expected, the CCCC panels give higher frequency as compared to others 
support conditions. The fundamental frequency (ca) increases as the a/h ratio increases. 
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Frequency variance 

Figures 5.35(a) and 5.35(b) represent the scatter of the square of non-dimensional 
fundamental frequency (or) with R/a=5 and a/b - 1 with normalized standard deviation 
(SD/mean) of all material properties changing at a time for [0 o /45°/-45°/90 o ], CCCC, CFCF 
and SSSS laminated composite cylindrical panels for a/h = 5 and 10, respectively, while 
Figures 5.36 - 5.41 present the dispersion of the non-dimensional fundamental frequency 

(cd 2 ), R/a= 5, a/b - 1 and a/h—5 and 10 with SD of the individual variation of the material 
property, keeping others deterministic for CCCC, CFCF and SSSS composite cylindrical 
panels. Results have been computed for different SD of material constants. 

(i) All material properties varying simultaneously - Figures. 5.35(a) and 5.35 (b) 

It is observed that CCCC panel with a/h - 10 are most sensitive, while SSSS panel 
with a/h—5 is least sensitive compared to other support conditions and thickness ratio 
considered. The sensitivity of the fundamental frequency increases as a/h ratio increases for 
CCCC and SSSS panels. However, the trend is reverse in case of CFCF panel. For a/h-5 , the 
difference in scatter between CCCC and SSSS panels are significant, while for a/h= 10 these 
are insignificant. 

(ii) Only longitudinal elastic modulus Eu varying - Figures. 5.36(a) and 5.36(b) 

The dispersion of the fundamental frequency increases as a/h ratio increases. The 
CCCC panels with a/h= 10 are most affected with SD of the material property, while CFCF 
panels with a/h= 5 is least affected as compared to other parameters and support conditions 
considered in the study. The difference in scatter is insignificant between CCCC and SSSS 
panels for a/k=5, while for others, it is significant. 
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(iii) Only transverse elastic modulus En trying - Figures 5.37(a) and 5.37(b) 

The SSSS panels are most sensitive to change in the material property as compared to 
other support conditions for both the thickness ratios considered, while CCCC panels are 
least sensitive. The sensitivity also increases, like £ji, as a/h ratio increases. 

(iv) Only in-plane shear modulus Gn varying - Figures 5.38(a) and 5.38(b) 

The behavior of dispersion is almost similar to E 22 . However, the level of dispersion is 

low as compared to dispersion due to En- 

(v) Only out-of-plane shear modulus (G13) varying - Figures 5.39(a) and 5.39(b) 

The sensitivity of the fundamental frequency decreases as a/h ratio increases. This 
indicates reversed trend in comparison with inplane elastic modulii. The dominance in scatter 
of CCCC panels with a/h =5 is observed, while least sensitivity in scatter for SSSS panels 
with a/h= 10 is seen. 

(vi) Only out-of-plane shear modulus G23 varying - Figures 5.40(a) and 5.40(b) 

The trend is similar to G13. However, the level of dispersion is small compared to Gn- 

(vii) Only Poisson ratio V 12 varying- Figures 5.41(a) and 5.41(b) 

The dispersion is least affected with changes in Vi 2 returning very low values 
compared to the other materials. SSSS panel shows highest sensitivity out of the three 
support conditions considered for both the thickness ratios considered. 

Conclusions 

A C° finite element technique in conjunction with first order perturbation technique has 
been developed for solving random standard eigenvalue problem associated with free 
vibration of laminated composite cylindrical panels. Using this approach, second order 
statistics of the fundamental frequency has been obtained for different panel boundary 
conditions. Following conclusions can be drawn from this study: 
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• CCCC panel with a/h — 10 is most sensitive, while SSSS panel with a/h=5 is least 
sensitive against simultaneous changes of material properties. 

• Sensitivity of panels increases as a/h ratio increases with variation of SD of in-plane 
elastic and shear modulii and Poisson’s ratio. The trend is reversed in case of out-of- 
plane shear modulii. 

• The dominant effect of G 13 on scatter in fundamental frequency changes to E\\ when 
a/h ratio changes from 5 to 10. However, SSSS panel maintains E\\ dominant for both 
the thickness ratios. The panels are least sensitive for changes in Poisson’s ratio. 

5.3.3.3 Composite Spherical Panels 

Validation 

Validation study of the present technique has been done on similar lines as in the case 
of plates. The results obtained by SFEM have been compared with MCS and SCA. Figure 
5.42 presents the comparison for SD of square of the fundamental frequency a [O°/90 0 /90 o /O°] 
square laminate, Material-1 with R/a=5, a/h=10 with only Eu assumed as random, other 
material properties being deterministic for all edges simply supported (SSSS). The results are 
in good agreement with MCS and SCA. However, the SFEM results are not so close to MCS 
as the SCA. This may be due to numerical round off error in the finite element computations. 

Table 5.8 shows the comparison of the nondimensionalized fundamental frequency 
obtained using SFEM and SCA for SSSS for a [0°/90°] composite spherical panel. The panel 
geometry used is R/a=5, a/b=l and a/h=10. Results are in good agreements. 
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Second Order Moments of the fundamental frequency 

Second order statistics of fundamental frequency of [45°/-45 /45 / -45 °] graphite- 
epoxy spherical panels Material- 1 have been evaluated for RJa- 5, a/b= 1 and a/h=5 and 10 
with CCCC, CFCF and SSSS. A comparison of SD of square of the fundamental frequency 
for composite plates, cylindrical and spherical panels is also presented for all edges simply 
supported. 

Frequency expectation 

Table 5.9 lists the nondimensionalized mean fundamental frequency with CCCC, CFCF and 
SSSS panels. The results are on the expected lines. 

Frequency variance 

Figures 5.43 (a) and 5.43(b) show the dispersion in the fundamental frequency for 
composite spherical panels with CCCC, CFCF and SSSS against the material properties 
varying simultaneously for a/h=5 and 10, respectively. It is observed that the effect of a/h 
ratio on scatter of the frequency is insignificant for CCCC and CFCF panels, while it is 
significant for SSSS panel. The SSSS panel with a/h=10 is most sensitive, while CFCF with 
a/h=5 is least sensitive. However, the difference is small. 

Figures 5.44(a)-5.44(f) show sensitivity of the fundamental frequency for a/h =5 with 
CCCC, CFCF and SSSS against individual variation of material property SD. The dominant 
effect of G 13 on dispersion of fundamental frequency of composite panels is observed. 
However, the effect of En and G 23 on scatter is also significant. The panels are least affected 
with scatter in the Poisson’s ratio. 

Figures 5.45(a) -5.45(b) plot dispersion of the fundamental frequency for a/h=l0 with 
SD of the individual material property for CCCC, CFCF and SSSS boundary panel. It is seen 
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that the effect of Eu is dominant. However, the effect of G 13 and G 23 is also appreciable. 
SSSS panel is most sensitive, while CCCC panel for changes in Eh is least sensitive. The 
sensitivity of CCCC and CFCF panels is close to each other for this case. The fundamental 
frequency is least affected with changes in Poisson’s ratio. The effect of G [2 in case of CFCF 
panel is also appreciable. 

Comparison with plate and cylindrical panel 

A comparison of the scatter in the fundamental frequency for [0°/45®/-45°/90 0 ] 
composite plates (a/b=l and a/h=10), cylindrical (a/b=l, R/a =5 and a/h=10) and spherical 
(a/b=l, R/a=5 and a/h=10) panels is presented in Figure 5.46 for SSSS boundary condition 
with simultaneous change in the material properties. The comparison aims at bringing out the 
relative sensitivities of the three geometry to changes in the material properties. The results 
show that the spherical panel is more sensitive as compared to plate and cylindrical panel. 
The difference in scatter in the fundamental frequency of spherical with cylindrical panels is 
smaller than its difference with plates. 

Similar comparison is presented in Figures 5.47(a) - 5.47(f) for SSSS boundary 
condition against individual variation of the material property. No definite pattern is observed 
as in the case of simultaneous variation of the material properties. Curved panels are less 
sensitive as compared to plates against variation of the material property except Eu. 

Conclusions 

The second moments of the fundamental frequency have been obtained using SFEM with 
different support conditions. A comparison among plate, cylindrical and spherical panels 
have been also presented for all edges simply supported. The following are the main 


conclusions: 
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• The sensitivity trend of panel changes with change in a/h ratio against simultaneous 
variation of the material properties. The SSSS and CCCC panels sensitivity are very 
close for a/h=5, while it is not so for a/h=10. For a/h=10, the CCCC and CFCF panels 
sensitivity are close. 

• The SSSS moderately thick panel is most sensitive to simultaneous variation of the 
material properties as compared to other type of panels in terms of support conditions 
studied. 

• The dominant effect of E u is changed to Gi 3 as the thickness ratio changes from 10 to 
5. The panels are least sensitive to the Poisson’s ratio. 

5.4 Summary 

The SCA and SFEM developed in this Chapter are applied to the study of free 
vibration of laminated composite plates, cylindrical and spherical panels with random 
material properties. Comparison with the results obtained from Monte Carlo simulation 
shows the usefulness of these techniques for the study of composite panels. Sensitivity of 
natural frequencies of plates, cylindrical and spherical panels to changes in stacking 
sequence, aspect ratio and boundary condition are presented. Efficacies of various theories 
are also examined. A comparison among dispersion in the three panels for all edges simply 
supported is also presented. 
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Table 5.1: Mean Natural Frequencies, « = (dJVVp/E,, )/h, for all edges simply 
supported composite square plates 

(a) Stacking Sequence: [0°/90°] 


Mode 

Material- 1 

Material -2 


a/h=10 

a/h=100 

a/h=10 

a/h=100 

(1) 

(2) 

(3) 

(4) 

(5) 

1 

8.98083 

10.47657 

10.56565 

11.90491 

2 

21.9336 

— — 

27.48786 

26.30276 

31.69695 

3 

30.34590 

38.27912 

36.34791 

45.23941 

4 

39.98180 

57.00877 

48.70060 

6 7.09281 

5 

45.59216 

64.64992 

55.14367 

76.19473 


(b) Stacking Sequence: [0 0 /90 0 /90°/0 0 ] 


Mode 

Material- 1 

Material -2 


a/h=10 

a/h=100 

a/h=10 

a/h=100 

(1) 

(2) 

(3) 

(4) 

(5) 

1 

11.77252 

15.17055 

15.10799 

19.13029 

2 

21.83344 

28.27569 

26.43976 

32.86094 

3 

27.37726 

53.83362 

37.06150 

64.79179 

4 

33.23205 

54.08102 

43.15083 

67.81584 

5 

37.43603 

60.05661 

44.22175 

74.66206 
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Table 5.2: Nondimensionalised mean natural frequencies of laminated cylindrical 
panels with a/b=l, GJ = (oJ*a 2 Vp^7)/h 


(a) Stacking sequence: [0°/90°] 


R/a 

Mode 

Nondimensional Mean Frequency, (0 



a/h=10 

a/h=100 

(1) 

(2) 

(3) 

(4) 

5 

1 

9.0213 

17.4809 

5 

2 

21.8501 

28.1466 

5 

3 

22.0437 

37.9768 

5 

4 

30.2819 

40.5736 

5 

5 

39.8693 

56.9662 

10 

1 

8.9768 

11.7674 

10 

2 

21.8793" 

27.5738 

10 

3 

21.9623 

29.6930 

10 

4 

30.3099 

39.5438 

10 

5 

39.9256 

57.2848 


(b) Stacking sequence: [O 0 /90°/9O°/O 0 ] 


R/a 

Mode 





Nondimensional Mean Frequency, co 



a/h=10 

a/h=100 

(1) 

(2) 

(3) 

(4) 

5 

1 

11.8322 

20.5152 

5 

2 

21.8279 

28.7186 

5 

3 

27.4614 

53.2215 

5 

4 

33.2467 

■59.6511 

5 

5 

37.4490 

61.6323 

10 

1 

11.7906 

16.4195 

10 

2 

21.8279 

27.4193 

10 

3 

27.3972 

53.5511 

10 

4 

33.2229 

55.0981 

10 

5 

37.4474 

60.9492 
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Table 5.3: Nondimensionalised mean natural frequencies of laminated spherical panels 

with Ri=R2=R, a/b=l, a/h=10 and R/a=5, co = (co a 2 -Jp/E^7)/h: Stacking sequence: 
[0°/90°] for all edges simply supported (SSSS) 


Nondimensional Mean Natural Frequency, nr 

Mode 

(1) 

l 

(2) 

2 

(3) 

3 

(4) 

4 

(5) 

5 

(6) 

tEJ 

9.3412 

22.0381 

22.02027 

30.4377 

39.9879 


Table 5.4: Nondimensionalised mean fundamental frequency of [0°/90°] spherical panels 

with Ri=R 2 =R and R/a=5, a/b=l, a/h=10, co = (©*a 2 ^p/E 22 )/h with various boundary 
conditions 


Nondimensional Mean Fundamental Frequency, m 

SCSC 

sssc 

SFSS 

SFSC 

SSSS 

(1) 

(2) 

(3) 

(4) 

(5) 

4.5235 

14.4838 

6.4025 

6.4245 

9.3412 
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Table 5.5: Comparisons of nondimensionalised mean fundamental frequency for a 
square plate, co = (to V/p/E,, )/h , for all edges simply supported (SSSS) 


Methods 

Nondimensionalised Mean Fundamental Frequency, ns 


[0 U /90 U ] 

[079079070°] 

(1) 

a/h=10 

(2) 

a/h=100 

(3) 

a/h=10 

(4) 

a/h=100 

(5) 

SCA 

(refer Table 5.1) 

8.98083 

10.47657 

11.77252 

15.28034 

SFEM 

8.93477 

11.40352 

11.67937 

11.28034 


Table 5.6: Nondimensionalised mean fundamental frequency, 5T = (o*a 2 Vp/E 22 )/h, for 
a [O°/45 0 /-45 o /9O°] square plate with different boundary conditions 


Support conditions 

Nondimensionalised Mean Fundamental Frequency, ns 

(1) 

a/h=5 

(2) 

a/h=10 

(3) 

cccc 

10.74303 

16.39915 

CFCF 

7.38198 

11.05700 

SSSS 

7.17246 

8.889832 
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Table 5.7: Non-dimensional mean fundamental frequency, oj = (coV^/p/E,, )/h, of a 

[0 6 '/45 6 '/-45 c '/90°] composite cylindrical panel with different panel edge conditions 

(< 2/6 = 1 , R! a = 5). 


Support Conditions 

Nondimensionalised Mean Fundamental Frequency, w 


a/h=5 

a/h =10 

( 1 ) 

( 2 ) 

(3) 

CCCC 

11.25068 

17.70168 

CFCF 

7.47890 

11.34840 

SSSS 

7.24656 

9.27205 


Table 5.8: Comparison of the nondimensionalised mean fundamental frequency for a 
square [0°/90°] laminated spherical panel, 57 = (co V,/p/E 22 )/h , for all edges simply 
supported (SSSS) 


Methods 

Nondimensionalised Mean Fundamental Frequency, tu 


a/h =10 

( 1 ) 

( 2 ) 

SCA (refer Table 5.3) 

9.3412 

SFEM 

9.3667 
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Table 5.7: Non-dimensional mean fundamental frequency, oj = (coV^/p/E,, )/h, of a 

[0 6 '/45 6 '/-45 c '/90°] composite cylindrical panel with different panel edge conditions 

(< 2/6 = 1 , R! a = 5). 


Support Conditions 

Nondimensionalised Mean Fundamental Frequency, w 


a/h=5 

a/h =10 

( 1 ) 

( 2 ) 

(3) 

CCCC 

11.25068 

17.70168 

CFCF 

7.47890 

11.34840 

SSSS 

7.24656 

9.27205 


Table 5.8: Comparison of the nondimensionalised mean fundamental frequency for a 
square [0°/90°] laminated spherical panel, 57 = (co V,/p/E 22 )/h , for all edges simply 
supported (SSSS) 


Methods 

Nondimensionalised Mean Fundamental Frequency, tu 


a/h =10 

( 1 ) 

( 2 ) 

SCA (refer Table 5.3) 

9.3412 

SFEM 

9.3667 
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Table 5.9: Nondimensionalised mean fundamental frequency, (0 (co a -y p/E 2 ,)/h, for 
a [O°/45 0 /-45 0 /90 0 ] spherical panel with different boundary conditions 


Support conditions 

Nondimensionalised Mean Fundamental Frequency, rn 

(1) 

a/h=5 

(2) 

a/h=10 

(3) 

cccc 

11.90323 

20.16317 

CFCF 

7.61402 

11.83930 

ssss 

10.68355 

16.58312 
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Figure 5.2: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0°/90°] plate, a/b=l, with all basic material properties changing at 

a time. 

(a) a/h=10 and Material -1; (b) a/h=10 and Material -2; (c) a/h=100 and Material -1; 

(d) a/h=100 and Material -2. 

Key: As in Figure 5.1. 







V* G 23 


V%2 


Figure 5.3: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0°/90°] plate, with a/b=l, Material -2 and a/h=10. 

(a) only E u varying; (b) only E ’ 22 varying; (c) only G i2 varying; (d) only G u varying; (e) 

only G 23 varying; (f) only varying. 

Key: As in Figure 5.1. 








Figure 5.4: Influence of SD of basic m; 

natural frequencies, [0°/90°] pb 
(a) only E n varying; (b) only E 2 2 varyi 

only C ?23 vary: 


Key: 
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Figure 5.5: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0°/90°] plate, with a/b=l, Material -1 and a/h=100. 

(a) only E u varying; (b) only E& varying; (c) only G l2 varying; (d) only G i3 varying; (e) 

only G 23 varying; (f) only v l2 varying. 

Key: As in Figure 5.1 
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Figure 5.6: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0°/90°] plate, with a/b=l, Material -2 and a/h=100. 

(a) only E n varying; (b) only E22 varying; (c) only G 12 varying; (d) only G \ 3 varying; (e) 

only G23 varying; (f) only z/ 12 varying. 

Key: As in Figure 5.1. 
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Figure 5.7: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0 o /90°/90 o /0°] plate, with a/b=l, with all basic material properties 

changing at a time. 

(a) a/h=10 and Material -1; (b) a/h=10 and Material -2 (c) a/h=100 and Material -1; 

(d) a/h=100 and Material -2. 

Key: As in Figure 5.1 
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Figure 5.8: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0790 o /9070°] plate, with a/b=l, Material -1 and a/h=10. 

(a) only En varying; (b) only E 22 varying; (c) only G\ 2 varying; (d) only G\z varying; (e) 

only G23 varying; (f) only v x2 varying. 

Key: As in Figure 5.1. 
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Figure 5.9: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0°/90 o /90 o /0°] plate, with a/b=l, Material -2 and a/h=10. 

(a) only E u varying; (b) only E 22 varying; (c) only G u varying; (d) only G 13 varying; (e) 

only C ?23 varying; (f) only u u varying. 

Key: As in Figure 5.1. 
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Figure 5.10. Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0 o /90 o /90 o /0°] plate, with a/b=l, Material -1 and a/h=100. 

(a) only E n varying; (b) only E 22 varying; (c) only G l2 varying; (d) only G x3 varying; (e) 

only G 23 varying; (f) only u x2 varying. 

Key: As in Figure 5.1. 
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Figure 5.11: Influence of SD of basic material properties on SD of square of the first five 
natural frequencies, [0 o /90°/90 o /0°] plate, with a/ b=l, Material -2 and a/h=100. 

(a) only E xx varying; (b) only E 22 varying; (c) only G x2 varying; (d) only G X3 varying; (e) 

only G 2 3 varying; (f) only u X2 varying. 

Key: As in Figure 5.1. 
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figure 5.12: Influence of SD of basic material properties on SD of square of the first fi 
atural frequencies, [0°/90°/9070°] plate, a/b=l, Material -1 and a/h=10, with all ba 

material properties changing at a time. 

Key: HSDT, FSDT, - - - CLT. 
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Figure 5.13: Comparison of influence of SD of basic material properties on SD of square 
of the fundamental frequency by three theories, (0°/90°/ 90°/0°] plate, with a/ b=l, 

Material -1 and a/h=10. 

(a) only E n varying; (b) only E 2 2 varying; (c) only G n varying; (d) only G u varying; (e) 

only (?23 varying; (f) only v x2 varying. 

Key: As in Figure 5.12. 
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Figure 5.14: Comparison of the present approach results to 
[0 0 /9079070 0 ] cylindrical panel, with R/a=5, a/b 
Key:- O: first mode, +: second mode, □: third mode, x 
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Figure 5.15: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [0°/90°] cylindrical panel, a/b=l, with all basic material 

properties changing simultaneously. 

(a) R/a=5 and a/h=10; (b) R/a=5 and a/h=100; (c) R/a=10 and a/h=10; (d) R/a=10 

and a/h=100. 

Key: As in Figure 5.14 
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Figure 5.16: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [0°/90°] cylindrical panel, with R/a=5, a/b=l and a/h=10. 
(a) only E n varying; (b) only E 2 2 varying; (c) only (? 12 varying; (d) only G 13 varying; (e) 

only G 23 varying; (f) only v x2 varying. 

Key: As in Figure 5.14. 
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Figure 5.17: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [0°/90°] cylindrical panel, with R/a=5, a/b= 1 and a/h=100. 
(a) only E n varying; (b) only E % 2 varying; (c) only C? 12 varying; (d) only G xz varying; (e) 
only G23 varying; (f) only i/ 12 varying. Key: As in Figure 5.14. 
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Figure 5.19: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [0°/90°] cylindrical panel, with R/a=10, a/b = 1 and a/h=100. 
(a) only E n varying; (b) only E 22 varying; (c) only G u varying; (d) only G xz varying; (e) 

only G 23 varying; (f) only v x2 varying. 

Key: As in Figure 5.14. 
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Figure 5.20: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [079079070 0 ] cylindrical panel, a/b=l, with all basic 
material properties changing simultaneously. 

(a) R/a=5 and a/h=10; (b) R/a=5 and a/h=100; (c) R/a=10 and a/h=10; (d) R/a=10 

and a/h=100. 

Key: As in Figure 5.14. 
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Figure 5.21: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [0 o /90 o /90°] cylindrical panel, with R/a=5, a/b=l and a/h=10. 
(a) only E n varying; (b) only E 2 i varying; (c) only Gn varying; (d) only G xz varying; (e) 

only G 23 varying; (f) only u l2 varying. 

Key: As in Figure 5.14. 
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Figure 5.22: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [ 0 o / 90 °/ 90 o / 0 °] cylindrical panel, with R/a=10, a/b = 1 and 

a/h=100. 

(a) only E n varying; (b) only Eii varying; (c) only G 12 varying; (d) only G 13 varying; (e 

only G23 varying; (f) only v u varying. 

Key: As in Figure 5.14. 





Figure 5.23: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [0 o /90°/90 o /0°] cylindrical panel, with R/a=10, a/b = 1 and 

a/h=10. 

(a) only E n varying; (b) only E 22 varying; (c) only G l2 varying; (d) only G n varying; (e) 

only G 2 3 varying; (f) only u i2 varying. 

Key: As in Figure 5.14. 
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Figure 5.24: Sensitivity of SD of square of the first five natural frequencies with SD of 
basic material properties, [0790°/90°/0°] cylindrical panel, with R/a=10, a/b = 1 and 

a/h=100. 

[a) only E n varying; (b) only E 22 varying; (c) only G \2 varying; (d) only Giz varying; (e) 

only G 23 varying; (f) only v 12 varying. 

Key: As in Figure 5.14. 










Figure 5.25: Comparison of result from Monte Carlo simulation with the present 
approach, [0 o /90 o /90 o /0°] spherical panel, with R/a=5, a/b=l and a/h=10 for SSS • 
Key:- O: first mode, +: second mode, □ : third mode, x: fourth mode, A: fifth mode. 
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Figure 5.26: Variation of SD of square of the first five natural frequencies with SD of 
basic material properties, [0°/90°] spherical panel, R/a=5, a/h=10 and a/b=l, with all 
basic material properties changing simultaneously for SSSS. 

Key: As in Figure 5.25. 
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Figure 5.27: Variation of SD of square of the first five natural frequencies with SD of basic 
material properties, [0 o /90 o ] spherical panel, with R/a=5, a/b=l and a/h=10 for SSSS. 
(a) only Eu varying; (b) only E 22 varying; (c) only Gyi varying; (d) only G\z varying; (e) 

only G 23 varying; (f) only z/ 12 varying. 

Key: As in Figure 5.25. 
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Figure 5.28: Variation of SD of square of the fundamental frequency with SD of basic 
material properties [0°/90°] spherical panel, R/a=5, a/h=10 and a/b=l, with all basic 

material properties changing simultaneously. 

Key:- O: SSSS +: SCSC, □: SFSC, x: SFSS, A : SSSC. 




Figure 5.29: Variation of SD of square of the first five natural frequencies with SD of 
basic material properties, [0°/90°] spherical panel, with R/a=5, a/b=l and a/h=10. 

(a) only E n varying; (b) only E 22 varying; (c) only G l2 varying; (d) only G u varying; (e) 

only G 2Z varying; (f) only v n varying. 

Key: As in Figure 5.28. 
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Figure 5.30: Comparison of the probabilistic finite element results with MCS and SCA 
for [0790790 o /0 o ] laminated SSSS square plate, with a/h=10. 
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Figure 5.31: Variation of square of the fundamental frequency of a [0°/45°/ - 45°/90°] 
laminated composite square plate with SD of material properties varying simultaneously 

for a/h=5 and 10. 

Key: SSSS, CFCF, - - - CCCC. 
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Figure 5.32: Variation of normalized SD of square of the fundamental frequency of a 
[0°/45°/ — 45°/90°] laminated- square plate with SD of material properties changing at a 

time for a/h=5. 

Key: As in Figure 5.31. 
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Figure 5.33: Variation of normalized SD of square of the fundamental frequency of a 
[0°/45°/ — 45°/90°] laminated square plate with SD of material properties changing at a 

time for a/h= 10. 

Key: As in Figure 5.31. 
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Figure 5.35: Variation of SD of square of the fundamental frequency of a 
[0°/45°/ — 45°/90°] cylindrical square panel with SD of basic material properties changing 

simultaneously. 
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Figure 5.37: Variation of SD of square of the fundamental frequency of a 
[0°/45°/ — 45°/90°] cylindrical square panel with SD of transverse elastic modulus E 

Key: As in Figure 5.35. 
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Figure 5.38: Variation of SD of square of the fundamental frequency of a 
[0°/ 45°/ — 45°/90°] cylindrical square panel with SD of in plane shear modulus G 

Key: As in Figure 5.35. 





NORMALISED SD OF 







NORMALISED SD OF co NORMALISED SD OF 




Figure 5.40: Variation of SD of square of the fundamental frequency of a 
[0°/45 D / — 45°/90°] cylindrical square panel with SD of out-of-plane shear modulus G 23 

Key: As in Figure 5.35. 
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Figure 5.41: Variation of SD of square of the fundamental frequency of a 
[0°/45°/ — 45°/90°] cylindrical square panel with SD of Poisson’s ratio v\ 2 

Key: As in Figure 5.35. 
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Figure 5.42: Comparison of probabilistic finite element results with MCS and SCA for 
[0 o /90°/90 o /0°] spherical laminate with a/b=l. 
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Figure 5.43: Variation of dispersion of square of the fundamental frequency of a 
[45°/ - 45°/45 0 / - 45°] spherical square panel against simultaneous variation of material 

properties. 

Key: As in Figure 5.35. 
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o 5-44. Sensitivity of the square of the fundamental frequency of a 

[45 / 45 /45 / — 45 ] spherical square panel against individual variation of material 

property SD for a/h=5. 

Key: As in Figure 5.35. 
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Figure 5.46. Comparison of the scatter of square of the fundamental frequency in 
[0 / - 45 o /45 o /90 o ] plate, cylindrical and spherical panels against simultaneous change in 

material properties. 

Key: iSpherical, .-cylindrical, - - - :plate. 
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Figure 5.47: Comparison, of the scatter of square of the fundamental frequency of a 
[0°/ - 45°/45°/90°] spherical panel with plate and cylindrical panel against individual 

change in material property. 

Key: As in figure 5.46. 







CHAPTER VI 


FORCED VIBRATION OF COMPOSITE PANELS 


6.1 Introduction 

In most engineering applications, vibration is generally undesirable. The detrimental 

effects of vibrations on a structure are well known. An excessive vibration of the structures 

may even lead to its complete failure. Often, apparently harmless vibrations, if allowed to 

continue over a long period, may eventually, cause . fatigue failure of the structures. Such 

drastic failures have been observed in all kinds of structures. Hence, accurate prediction of 

the dynamic response of the structures is an important field of investigation, especially in the 

case of composites as the response depends on large number of parameters. 

In determining the dynamic response of system made of composites, it is customary to 

assume that the given system has precisely defined properties. It is further assumed that the 

applied excitation is deterministic as mentioned earlier. However, the system properties can 

at best be determined only within a certain range due to the large number of parameters 

associated with its manufacturing and fabrication processes and our inability to control them 

precisely. Similar is the case with loading also, which cannot be determined exactly. The 

uncertainties inherent in system response induced by uncertainties in system parameters and 

randomness in applied excitation need to be incorporated in the system modeling for a 

rigorous analysis. For reliability of the design, it is essential that the response should be 
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predicted exactly. This consideration results in the need for modeling of the system properties 
and excitation as random. In the present work the material properties have been modeled as 
random variables and the excitation as a random process in time. 

Considerable research has been earned out to characterize the dynamic response of 
structures made of FRPs. Much of the work is based on classical random vibration theory, 
which focuses on the uncertainty in the response resulting from a prescribed excitation but 
the structural properties are assumed to be deterministic. This has been observed on the basis 
of the literature review (refer Chapter II). One prominent feature frequently observed in many 
engineering problems is the uncertainty in structural properties. Also as reported in Chapter 
II, the literature on the analysis of structures with random system parameters to deterministic 
as well as random excitations is very limited. Some published material is available dealing 
with the forced vibration analysis of metallic structures with random parameters to 
deterministic as well as random excitations. Very little information is available on the forced 
vibration response of composite structures with random system parameters to deterministic as 
well as random loading. At this stage, it is to be pointed out that the assumption regarding no 
correlation between the material properties and random loading in Chapter I can be used to 
divide the problem into two groups- structural response with uncertain material properties to 
deterministic loading and structural response with deterministic material properties to random 
loading. The second problem has been dealt with in detail in the available literature. In the 
technique presented in this chapter, expressions for response statistics for both the problems 
have been obtained from a single unified analysis. 

In this Chapter, a general probabilistic analysis procedure based on the state space 
form of the system equations has been presented. These are derived using the classical and 
the finite element approaches for forced vibration response of composite laminates, 
cylindrical and spherical panels with random material properties subjected to deterministic as 
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well as random excitation. Like the previous chapters, first order perturbation technique has 
been chosen to handle the randomness in material properties. As discussed earlier, the 
formulation is based on the HSDT including rotatory inertia effects. Second order statistics of 
the transverse displacement of the panel with known second order statistics of material 
properties and external excitation have been obtained. 


6.2 Stochastic Classical Approach (SC A) 

Navier type exact solutions for the dynamic response of the governing equations exist 
for some typical boundary conditions for shallow panels as discussed at Section 5.2. The 
lamination scheme could be either anti-symmetric or symmetric cross-ply. Substitution of 
appropriate deflection forms satisfying the required boundary conditions in the system 
Equation (3.34) yields nonhomogeneous linear ordinary governing differential equation in 
time with random coefficients and inputs. It also requires the external excitation to be 
expressed in the Fourier expansion form. These equations are then expressed in state space 
form. When these are combined with probabilistic method, it is possible to develop the 
response expressions for the random equations. A detailed study is presented in this chapter 
to obtain the second moments of response of laminated composite plates, cylindrical and 
spherical panels using SC A. 


6.2.1 Formulation: State Space Approach 

Following the state space technique [102, 103], we assume the solution form that 
satisfies the boundary conditions (refer Sub-section 5.2. 1.2): 


u(x l ,x 2 ,t) — , 

m.n~\ 


v(jq,x,,r) = £v mn ( 0 / 2 (A>* 2 ) ; 
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w(x„x,„0 = ^w mn {t)f,{x v x,)- <M* P -W) = X* mn (0/, (*.>*>); 


(6.1) 




<t>2 (x y ,x 2 ,t)= X (O/i (^i ,x 2 ); 

rn.n~i 


where. 


/j(x,,x 2 ) = cos(cfx,) sin(px 2 ) ; 


/ 2 (x,,x 2 ) = sintccq) cos((3x 2 ) ; 


( 6 . 2 ) 


/ 3 (X[,x 2 ) = sin(ax,) sin((3x 2 ) ; a = 17111 / a; $ = mi/b 

The transverse dynamic load in general can also be written in a double Fourier expansion 
form as 


q(x v x 2 ,t) = 2Q mn (t) / 3 (x„x 2 ) , 

m,n=l 


(6.3) 


where, <2 m „ denotes the undetermined coefficient in the double Fourier expansion. 

Substituting Equations (6.1) and (6.3) into the system Equations (3.34), results in the 
following set of equations 


[M] 


'uj 




' 0 ' 

V mn 


V 

mn 


0 

•W mn 

■+[*> 


> — - 

Qmn ’ 

x mn 




0 

Y 

k tnn J 


7™. 


0 


m, n=l, 2 , ....oc 


(6.4) 


The linear system of ordinary differential equations as given by Equation ( 6 . 4 ) can be solved 
using the State Variable Technique. In this approach the state vector Z(t) is defined by 


z, =£/„; z 3 =y„; 

z 6 =£> m ; z, = v m „ ■ 

Making use of Equation (6.5), 


^3 W mn ; Z 4 - X mn ; Z 5 — Y mn ; 

= W mn ; Z 9 = X mn ; Z 10 = Y mn . 

Equation (6.4) can be rewritten in the form: 


Z = A Z + BU; 


(6.5) 


( 6 . 6 ) 


where 
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' 0 

0 

0 

0 


0 

0 

0 

0 


0 

0 

0 

0 


0 

0 

0 

0 

A = 

0 

*u 

0 

R 12 

0 

*.3 

0 

^14 


R 2[ 

R 22 

R 23 

R 24 


*3. 

R 32 

R33 

*34 


*4. 

R 42 

R 43 

*44 


_*3t 

R 52 

R 53 

*54 

B = 

'0 

0 

0 " 

M -1 _ ’ 


u = (0 

BU 

= (0 

0 0 

0 

0 b u 


0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 
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*,5 

0 

0 

0 

0 

0 

*25 

0 

0 

0 

0 

0 

*35 

0 

0 

0 

0 

0 

*45 

0 

0 

0 

0 

0 

*55 

0 

0 

0 

0 

0 


0 0 0 0 0 0 Q mn it) 0 0) 
b 2i b 2l b i{ b 5l ) 


with 

R = -M~‘K 


and 


b = M~ 


0 

0 


Q„ 


o 

0 


(6.7) 


( 6 . 8 ) 

(6.9) 


( 6 . 10 ) 


( 6 . 11 ) 


The solution of Equations (6.6) is given by 

Z(f) = e A( '- fo) Z(r 0 - ) + J U(r) dr ■ (6-12) 

*0 


where to is the initial time and Z(to) is the initial input vector. The operator e ( > can be 
expressed in terms of the matrix of eigenvectors S and distinct eigen values X i associated 

with matrix A as 


(6.13) 
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The solution of Equation (6.6) as given by Equation (6.12) would be possible only when the 
system parameters are deterministic even if the excitation is random. In the present study, as 
mentioned earlier, the material properties are random. Therefore, the elements of matrix A 
are random. A straightforward solution of Equation (6.6), therefore, is not possible. Further 
processing is required to arrive at the appropriate solution. 

6.2.2 Method of Solution 

Without any loss of generality the random variable may be split up as the sum of the 
mean variable and a zero mean random part (refer Section 5.2.2, Equation 5.12). 

Consider a class of problems where the random vibrations is very small compared with the 
mean part, as the case is in most engineering applications, One can therefore write 
Z = Z + £ Z r ; A = A + £A r ; U = U + £-U r ; ’ (6.14) 

where £ is a small parameter, over bar denotes ‘mean’ and superscript ‘r’ denotes the zero 
mean random part of the variables. 

On substitution of Equation (6. 14) in Equation (6.6) and collecting terms up to first order 
results in 

Zeroth order: Z = A Z + B U (6.15) 

First-order: Z f = AZ f +A r Z+BU r (6.16) 

Equation (6.15) is the zeroth order equation giving the mean value of the response Z. This 
equation is the same as obtained in deterministic analysis of the problem. Following Equation 
(6.12), its solution is given as [102, 103] 

Z(O = e X( '"' o) Z(r 0 ) + Je X( '- r, B U(r)dr (6.17) 


where 
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,A (/-!■) _ $ 


A,U-D 


0 

U-r) 


(6.18) 


Equation (6.16) can also be solved for the random part Z r in terms of mean and random parts 
of system stiffness and forcing function. 

It can be seen that the random deviations from the mean value for the derived variables are 
due to the presence of scatter about the mean in basic random variables. Further, the 
contributions of the random parts are small compared to the mean values. A Taylor series 
expansion, therefore, is admissible for the variations in the dependent variables. Thus, one 
can write 


n dA,, 


l n n d A • 




/=i 3 b x b '~ bl 21 m /= i db l db k 

Retaining only the first terms in the series, Equation (6.19) is approximated as 

n 3 Aif 

Similar representations are obtained for the other random quantities also. 
Following Equation (6.20), Equation (6.16) can be rewritten as 

V =AZ r +EOA /db t ). r b\ Z + BU r 

Simplifying Equation (6.21), it can be written as 

Z r = AZ r + C r ; ■ 

with 


(6.19) 


( 6 . 20 ) 


( 6 . 21 ) 


( 6 . 22 ) 


(6.23) 


C f =E(3A Idb, ) bi= - bi b[ Z + BU r 

where h/’ s (1=1, 2 are the basic material properties which are modeled as random 
variable. 


The solution of Equation (6.22) can be written as 
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Z r (t) = e M, -'" ) Z r (t 0 ) + ]e Mt ~ T) C r (r)dr. (6-24) 

'o 

The system to be at rest at t=to, assuming e I( '~' 0> Z r (t 0 ) = 0 , Equation (6.24) can be written as 


Z r (t) = jV (I_r) C r (r)dr " ( 6 -25) 

f 0 

The following relation is obtained for correlation function of Z(t), with 8=1 [19, 111]. 
K zz (t l j^ = E[Z r (t l )Z r (t 2 y T ] = f;i%e I(, '- r ' ) K ce (T„r 2 )e A( '*- ri) dr, dr 2 (6.26)) 

with 

K cc (t 1 ,t 2 ) = £[C r (r I )C r (T 2 )* r ] ; (6.27) 

where E[ ] stands for expectation. 

The equation (6.26) can be further expressed as 


K zz (f, ,t 2 ) = r J1 2 S A,P K cc (r, , r 2 ) PP A 2 SS dr, dr 2 


(6.28) 


where S is the modal matrix of A and 


A I = 


A? — 


^l( f l *“ r l) 

0 

0 * 

£ K (h ~ r t j 

, (^2 '“^*2 ) 

_[0] 

[0] 

e Kih ~’ 


P = S _l ; SS = S r ; PP = P 


*r 


(6.29) 


Thus Equations (6.17) and (6.28) give the expression for mean and covariance of the dynamic 
response, respectively. 


6.3 Stochastic Finite Element Method (SFEM) 

As pointed out in Chapter V, Section 5.3, the finite element method is combined with 
first order perturbation technique to obtain the second moments of the dynamic response of 



Chapter Yli F ()rce d Vibration of Composite^ Panels 262 

composite plates, cylindrical and spherical panels with random material properties subjected 
to deterministic or random loading. The lamina material properties are modeled as RVs. The 
nonhomogeneous ordinary differential equations in time with random coefficient and input 
are obtained from the system equation by using the finite element modeling. These equations 
are transformed into first order differential equations with state-space technique. The solution 
of these equations is obtained by FOPT. The detailed sequences of steps are presented below. 

6.3.1 Formulation 

The governing equation for the dynamic response analysis of composite laminates, 
cylindrical and spherical panels is obtained by using the Hamilton’s principle in a manner 
similar to the free vibration problem presented in Section 5.3. 

6.3.1.1 Strain Energy 

The strain energy due to bending of a laminated composite panel was shown in Chapter m to 
be (refer Equation 3.35) 

U = — j£ r D I ( 63 °) 

2a 

It was further shown by employing finite element modeling, these equations reduce (Section 
3.6 refer Equations 3.50, 3.52 and 3.53) to 

U =2£/ (e> 

(6.31) 

= 2 - e T DsdA 

U M = - f A T(e) B t DB A M dA ; ( 6 - 32 ) 

2 a « 

= A T(e) K (e) A (e) , (633) 

where A (e) and K (e> are the element displacement vector and stiffness matrices respectively. 
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6.3.1.2 Potential Energy 

The work done by external mechanical load q(x { ,x 2 ,t) is given by (Refer Equation 3.40) 

V = — W = $ q(x l ,x 2 ,t)wdA (6.34) 

A 

In finite element notation this equation reduces to 

V = ^V (e) (6-35) 

«=i 

where 

R (e) =-/A wr q dA (6.36) 

A 

with, 

<? = {0 0 q(x x ,x 2 ,t) 0 0 0 0} r . (6.37) 

The excitation q(x l ,x 2 ,t) is the transverse, time dependent, distributed load acting on the 
panels. It can have any arbitrary distribution. It can be expressed in a Fourier series if it has 
periodic components. In the present analysis, the lateral, distributed load is assumed to be a 
sinusoidal function as a generic term.. 

q{x x ,x 2 ,t) = q 0 sin(7Dq / a) sin(7a 2 / b) Q(t) (6.38) 

Substituting Equation (3.47) in Equation (6.36), 

yW=-A wr F w , (6.39) 

where, 

F U) =i<,(p (e) q M dA, (6.40) 


Here, 
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(p = 


<p, 0 0 

0 (p 2 o 

0 0 (p } 

. 0 

... 0 0 <p 


NN-\ 


0 0 cp 


0 

0 

0 

0 

0 

AW 


(6.41) 


, , AW 

IS t 


(6.42) 


(Pi = 


0 0 ... 0 

0 <p. 0 ... 0 

... 0 0^0 
• 0 0 <p. 


(7x7) 


(6.43) 


q T ={ 0 0 <?,. 0 0 0 0}. 


(6.44) 


q { is the transverse load acting at the i th node 


6.3.1.3 Kinetic Energy 

The kinetic energy of a panel subjected to a mechanical load is given by (Refer Equation 
5.46) 

T (e) =q* r(e) M (e) q* (e) (6.45) 

where M (e) is the element mass matrix and is as defined as in Equation (5.47). 


6.3.1.4 Governing Equation 

Using Variational principles, the governing equation for forced vibration can be derived. The 
Lagrange’s equation for a conservative system can be written as (Refer Equation 5.48) 




dU_ 


= 0 ; 


for i- 1, 2 ,.... 


(6.46) 
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Substituting of Equations (6.33), (6.39) and (6.45) in Equation (6.46) yields 

K q* +M q* =F ( 6 - 47 ) 

where 

. ' v £ ,(«) 

q = X q - Global displacement vector 
K = X K (e) - Global stiffness matrix 

NE ( \ 

M = X - Global inertia matrix 

e=l 

and 

F = ~XF (e) . (6.48) 

Equation (6.47) represents the governing equation of motion for forced response of 
composite panels. Following the procedure given in Sub-section 6.2.1, the governing 
Equation (6.47) can also be transformed into nonhomogeneous ordinary differential equations 
in time using the State Variables technique. The state vectors are defined on similar lines as 
given in Equation (6.5). The Equation (6.47) can then be written in the form: 

Z = A Z + B U. (6.49) 

Equation (6.49) is the governing equation for the dynamic response problem. Due to 
uncertainty in material properties and loading, the equation has random coefficients and 
inputs. The solution of Equation (6.49) can be obtained by the probabilistic solution 
procedure discussed in Sub-section 6.2.2. However, due to large size of the matrices and 
vectors involved in Equation (6.49), the computational difficulties are many. A suitable 
numerical procedure based on perturbation approach is presented in the next subsection. 
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6.3.2 Method of Solutions: Perturbation Technique 


The random variables may be split up as the sum of the mean variable and a zero mean 
random part (Refer Sub-section 6.2.2 and Equation 6.14). 

Z = Z + £Z'; A = A + e A r ; U = U + £U r ; (6.50) 

On substitution of Equation (6.50) in Equation (6.49) and collecting up to first order terms, 
we obtain (Refer Equations 6.15 and 6.16) 

Zeroth order: Z = A Z + B U ; _ (6.51) 

First-order: Z r = AZ r + A r Z+B U r . (6.52) 


Solution of Equation (6.51) gives the mean value of the response Z as the only unknown 
(Refer Equation 6.17). The solution for Equation (6.52) can be written as 


where 

Z/ =AZ/ + BU r 
Z^AZ.' + A'Z 

Equation (6.54) is an example of classical random vibration theory. Its solution can be 
obtained by the standard procedure [17, 111]. To solve Equation (6.55), we adopt a different 
approach. Following the procedure of Taylor’s senes expansion for Z, and Z, (Refer 
Equation 6.20), Equation (6.55) can be written as 


(6.54) 

(6.55) 


E 

i=l 


0z ,/3b,)^fc;=Ax • 


(6.56) 


The above equation can be rewritten as 


E Z u V=AE Z u b t +% a jV Z ■ 

/= i ' i=i ,=1 


(6.57) 


where 
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Z u = (dZ, /d*,')^ and Z u = OZ, • 

Comparing the coefficients of the b, in Equation 6.57, we obtain 


Z t _, =A Z,, +A , Z ; / = 1,2,...., m. (6-59) 

We can see that obtaining the solution of Equation (6.59) is equivalent to obtaining the 
solution of Equation (6.55). Since there is no random variable in Equation (6.59), this method 
is very convenient. We can use various numerical methods of time integration to solve both 
Equations (6.51) and (6.59). Each of them has their own advantages and limitations. In the 
present study Adams method for numerical integration has been employed [121]. For this 
purpose. Numerical Algorithms Groups (NAG) subroutine D02CJF has been used for 
computations. The time step has been selected based on the convergence study. 

The full value of the zero mean random part is obtained by combining Z[ and Z r 2 . The mean 


and the variance of the dynamic response can be obtained from first part of Equation (6.50). 
The first part of Equation (6.50) indicates the mean value of the displacement response to be 
E[ Z] = Z. (6.60) 


Taking the second moment of Equation (6.50) one gets the expression for the variance 


Var(Z ; ) = e 2 E E Z,‘ Z ; Co v(d . ,b k ); 

j=lk = l 


(6.61) 


The above two equations are used to obtain the second order statistics of flat, cylindrical and 
spherical panels. 


6.4 Results and Discussion 

The applicability, accuracy and efficiency of the proposed techniques within the 
framework of first order perturbation technique are demonstrated for composite laminates, 
cylindrical and spherical shallow panels with random material properties and deterministic 
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loading. The second moments oi transveise mid-point displacement are computed as a 
function of time. The excitation has been modeled as random process in time and assumed to 
be a white noise for computations. The results have been validated with MCS. To get idea 
insight the effects of material property randomness and loading on response of composite 
structures, the results have also been computed for structural response with deterministic 
material properties to random loading. 

The panel is subjected to distributed transverse loading, given by 

0 (t) = j 90 

Umn{ [0, otherwise 

The following material properties in lamina principal material coordinates have been used in 
generating the results: 

E u = 132.864 GPa, E 22 = 10.79 GPa, Gi 2 =Gi 3 =5.67 GPa, G 23 =3.6192 GPa and v n =0.24. Other 
system values are taken as: qo =13.84 N/mm 2 , psd (white noise)=0.01$ j p=3.27 xlO' 9 kg/mnT, 
a=b=508 mm, a/h=10, R=2540 mm and ti=0.003s and 0.005s. 

The mean and SD of transverse center displacement as a function of time have been 
computed for graphite-epoxy laminates, cylindrical and spherical panels having stacking 
sequences [0°/90°], [0°/90 0 /90°/0 0 ] and [0 0 /45°/-45°/90 0 ] with the following set of boundary 
condition: SSSS and CCCC 

6.4.1 Validation 

Second order statistics of transverse mid-point displacement as a function of time, for 
a [0°/90 0 /90°/0 0 ] spherical panel with R/a=5, a/h=10 and t t =0.005s have been obtained using 
the proposed approaches- SCA and SEEM. Results have also been obtained with MCS for the 
purpose of comparison. E u has been taken as random and loading is assumed to be 
deterministic for these evaluations. The number of samples used for the study for MCS is 
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15000. The mean and SD of the transverse mid-point displacement with time are presented 
for SD of E n as 10% of its mean value in Figures 6.1 and 6.2, respectively along with the 
MCS results. The mean responses obtained using SCA and SFEM are in very good 
agreement with that of MCS. The SD of the response by the two approaches also shows 
agreement with that of MCS in the forced vibration zone, while it does not agree so well at 
the peaks and the valleys in the free vibration zone.JThe reason may be due to non-removal of 
secular term s. However, these deviations are small in magnitudes. The SD obtained by SCA 
and SFEM indicates good agreement between them. 

6.4.2 Composite Plates: Second order statistics 

The results presented in Figures 6-3-6. 8 have been obtained using SCA for SSSS 
laminates, while the results for Figures 6.9 and 6.10 have been obtained using SFEM for 
CCCC laminates. 

Figure 6.3 shows mean transverse mid-point displacement of a [0°/90°/90°/ 0°] 
laminate as a function of time with ti=0.003s. From the examination of results, it is observed 
that the mean response initially increases and reaches a maximum value and then decreases 
with increase in time in forced vibration zone. In the free vibration zone, the behavior of the 
mean response is sinusoidal with constant amplitude. This indicates achievement of the 
steady state response. 

Figure 6.4 shows mean transverse mid-point displacement of a [0°/90°] laminate as a 
function of time with ti=0.003s. It is observed that in the forced vibration region the 
maximum displacement occurs at one point only. In the free vibration zone, the nature of the 
response is sinusoidal with constant amplitude, as we have also seen in symmetric laminate. 
Here also, beyond time ti the response attains the steady state value. 
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Figures 6.5(a)-(f) shows the SD of the transverse mid-point displacement of a 
[0°/90 o /90°/O o ] laminate as a function of time for the individual material property SD of 10% 
of its mean value, keeping others as fixed. The SD of displacement increases initially and 
after reaching a peak value it decreases. Further, the peak value of each increasing - 
decreasing part increases continuously in the time range studied. This appears to be 
dangerous from reliability point of view. The dispersion in response is most affected with 
scatter in En and least affected with scatter in the Poisson ‘s ratio. The sensitivity of response 
to scatter in E22, G12, G13 and G23 is of the same order of magnitude. 

Figures 6.6(a)-(f) presents the SD of the transverse mid-point displacement of a 
[0°/90°] laminate as a function of time with changes in the six individual material property 
normalized SD only one at a time being random. The SD of the material properties selected 
for the study is 5, 10, 15 and 20 percent of its mean value. The curves appear to be in the 
same phase. The conclusions in general remain similar to Figures 6.5(a)-(f). However, the 
magnitude of sensitivity of displacement towards scatter in the material properties is 
different. 

Figure 6.7 represent the SD of the transverse mid-point displacement of a [0 19 0 ] 
laminate with normalized SD of material property G12 alone changing at t=0.002s and 0.004s. 
The two times selected for the study falls in the forced and free vibration zones, respectively. 
It is observed that the dispersions in displacement vary almost linearly with normalized SD of 
material property. This observation is somewhat similar to the cases of buckling and natural 
frequency SD variation as reported in Chapters IV and V respectively. It is also observed that 
the scatter in displacement at t=0.002s is more than that at t=0.004s. This may be due to the 
mean at t=0.002s being larger than t=0.004s. This behavior can also be attributed to the fact 
that the scatter in displacement for different SD of material properties is in the same phase. 
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Figure 6.8 shows the scatter in the transverse mid-point displacement of a 
[ 0°/9 0°/9 0°/0° ] laminate as a function of time with deterministic material properties and 
random excitation. It is observed that the scatter in displacement is more compared to the 
scatter due to material properties. 

Figure 6.9 plots the mean response for a [O°/45 o /-45°/90 0 ] laminate obtained by SFEM 
as a function of time with ti=0.005s for CCCC laminates. The behavior of displacement 
response in forced vibration shows two peaks and then quick attainment of steady state 
condition. Figures 6.10(a)-(f) show the plot of the SD of the mid-point displacement for the 
above laminates as a function of time with ti=0.005s for SD of 5% of its mean values for 
CCCC support. The fluctuating amplitude has a tendency to grow with time in the free 
vibration range for the duration of the plot. It is observed that the displacement SD is most 
affected with changes in G 13 and least affected with changes in Poisson’s ratio. The effects of 
E u and G23 are also significant. The response sensitivity displacement due to G12 and E22 is 
of comparable order of magnitude. 

6.4.3 Composite Cylindrical Panels: Second order statistics 

The discussion presented below are based on the Figures 6.11 to 6.15 using SCA and 
Figures 6.16 and 6.17 using SFEM. 

Variation of the mean displacement response of [0°/9 0°/90°/0°] and [0°/90°] SSSS 
cylindrical panel with time is presented in Figure 6.11 for ti=0.003s. The general behavior of 
the mean response is similar to the plate. The peak value in forced vibration zone is more in 
the case of antisymmetric laminate as compared to symmetric laminate. The magnitude of the 
constant amplitude in free vibration zone is also more in the case of antisymmetric panel 
when compared to symmetric panel. 
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Variation of SD of the displacement for a [0°/90 0 /90°/0 0 ] SSSS cylindrical panel is 
presented in Figures 6. 12(a)-(f) with time for t,=0.003s. The general nature of the behavior is 
same as in the case of rectangular laminate. However, the magnitudes of sensitivity with 
respect to material property SD are different. The scatter in E n has maximum influence on 
the dispersion of the displacement. The sensitivity of Gn and G23 are of the same order of 
magnitude. 

Sensitivity of displacement of a [0°/90°] SSSS panel with time for ti=0.003s against 
SD of material properties is presented in Figures 6.13(a)-(f). It is observed that the peak value 
of SD of displacement increases as SD of the material property increases. Further as observed 
in the case of laminate, they are in the same phase. The effects of En and E22 on response are 
of the same order of magnitude. The effect of G12 is dominant. It can be seen that the effect of 
Poisson’s ratio is also significant. 

The results have also been plotted for SD of the transverse mid-point displacement at 
a particular time against different SD cf the material property. For this purpose, t=0.002s and 
0.004s have been selected with the material property En having SD of 5, 10, 15 and 20 
percent of its mean value. The results are presented in Figure 6.14 for a [0 /90 ] SSSS panel. 

It has been observed that SD of response varies almost linearly with SD of the material 
property. 

The SD of displacement of a [0°/90 0 /90°/0 0 ] SSSS panel with deterministic material 
properties subjected to random excitation is also presented in Figure 6.15. The pattern of the 
curve is similar as in the case of laminate. However, the magnitudes are different. 

Variation of the mean response obtained by SFEM is presented in Figure 6.16 with 
time for a [0 0 /45°/-45°/90 0 ] CCCC panel for ti=0.005s. The nature of the curve is similar to 
that of the laminate. Variation of SD of the displacement for [0 /45 /-45 /90 ] CCCC 
cylindrical panel is presented in Figures 6.17(a)-(f) with material property SD of 5 percent of 



273 


Chapter VI: Forced Vibration of Composite Panels^ 
their mean values for ti=0.003s. The pattern of sensitivity of displacement is similar to that of 
the laminate. 

6.4.4 Composite Spherical Panels: Second order statistics 

Figure 6.18 shows the variation of the mean displacement for a [0 0 /90°/9O o /0°] SSSS 
spherical panel for ti=0.003s using SC A. The behavior is similar to the cylindrical panel. 
However, transverse response magnitude is different. 

Figures 6.19(a)-(f) show the time plot of the transverse mid-point displacement of a 
[O o /9O°/9O°/O 0 ] SSSS spherical panel with individual material property SD of 10 percent of its 
mean value for ti=0.003s using SCA. Similar patterns with different magnitudes are observed 
as seen in the case of laminate and cylindrical panels. 

Figure 6.20 shows variation of SD of the displacement of a [O 0 /9O°/9O 0 /O 0 ] SSSS 
spherical panel as a function of time with deterministic material properties subjected to 
random excitation for tx=0.003s using SCA. Similar behavior but with different magnitude is 
observed as compared to laminate and cylindrical panel. 

Figure 6.21 presents the variation of the mean displacement with time for a [0°/45°/- 
45°/90°] CCCC spherical panel for ti=0.005s obtained by SFEM. The nature of the curve is 
similar to the laminate and cylindrical panel. Sensitivity of the displacement for a [0°/45°/- 
45 °/ 90 °] CCCC spherical panel is presented in Figures 6.22(a)-(f) with material property SD 
of 5 percent of their mean values for ti=0.005s. The pattern of variation of SD of the 
displacement is similar to the laminate and cylindrical panel. 
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6.4.5 Conclusions 

The following conclusion can be drawn from this limited study: 

• In the forced vibration region, the mean transverse mid-point displacement of 
plate is more as compared to cylindrical and spherical panels. However, in the free 
vibration zone spherical panel shows larger displacement. 

• Symmetric cross-ply SSSS laminated panel is more sensitive to scatter in 
longitudinal elastic modulus Eu while in the case of antisymmetric laminated 
panel, the in plane shear modulus has more impact on dispersion of the 
displacement. The displacement is least affected with scatter in Poisson’s ratio. 

• The SD of the displacement varies almost linearly with individual variation of 
material property. 

• The peak values of SD increase with time increases in the free vibration region. 
However, this is not true in the case of forced vibration response. Therefore very 
little confidence can be placed on the response for free vibration if material 
properties cannot be calculated precisely. This is not the case with classical 
random vibration. 

• In general, the dispersion in displacement is more in the case of random vibration 
as compared to stochastic structural analysis. 


6.5 Summary 

A unified probabilistic approach dealing with the classical random vibration and 
stochastic structural analysis based on the state-space form has been presented. A solution 
procedure based on stochastic classical and finite element approaches has been detailed. The 
lamina material properties have been modeled as random variable. The higher order shear 
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deformation theory including rotatory inertia effects has been employed for basic 
formulation. Second order statistics of transverse mid-point displacement of composite 
laminates, cylindrical and spherical panels as a function of time with different boundary 


conditions has been obtained. 




Mean of transverse mid-point displacement (mm) 
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Figure 6.1: Validation of mean transverse mid-point displacement of a [0 o /90 o /90°/0°] 
SSSS spherical panel obtained by the present SFEM and SCA approaches with MCS. 

Key:- — :SCA, :SFEM, - - - :MCS. 
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Time (s') 

Figure 6.2: Validation of SD the transverse mid-point displacement for a [0 o /90°/90 o /0°] 
SSSS spherical panel obtained from the present SCA and SFEM approaches with MCS. 

Key: As in Figure 6.1. 
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Time ('s') 

Figure 6.4: Variation of mean value of the transverse mid-point displacement of a [0°/90°] 

SSSS laminate by SCA. 
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Figure 6.5: Variation of SD of the transverse mid-point displacement of a [0°/90 o /90®/0®] 
SSSS laminate by SCA with individual material properties as random. 
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SD/MEAN, (\ 2 

Figure 6.7: Variation of SD of the transverse mid-point displacement by SCA of a 
[0°/90°] SSSS la min ate with SD of material property Gu at t=0.002s and 0.004s. 
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Figure 6.8: Variation of SD of the transverse mid-point displacement of a [Q° f%° /% a /' ft 0 ] 
SSSS laminate with deterministic material properties and random excitation by SCA. 
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Figure 6.11 : Variation of the mean transverse mid-point displacement of (a 
[0 o /90 <3 /90 o /0°] and (b) [0°/90°] SSSS. cylindrical panels by SCA. 
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Figure 6.12 : Variation of SD of transverse mid-point displacement for a [0 o /90°/90 o /0°] 

SSSS cylindrical panel by SCA. 
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Figure 6.13 : Variation of SD of transverse mid-point displacement for a [0°/90°] SSSS 

cylindrical panel by SC A. 

Key: As in figure 6.6. 
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SD/MEAN,E n 

Figure 6.14: Variation of normalized SD of the transverse mid-point displacement of a 
[0°/90°] SSSS cylindrical panel with SD of material property Eu at t=0.002s and 0.004s 

bySCA. 
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Figure 6.15: Variation of SD of the transverse mid-point displacement of a 
[0 o /90°/90 o /0°] SSSS cylindrical panel with deterministic material properties and random 

excitation by SCA. 
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Figure 6.20: Sensitivity of transverse mid-point displacement of a [0 o /90 o /90 o /0°] SSSS 
spherical panel with deterministic material properties and random loading by SCA. 
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Figure 6.21 : Mean response of transverse mid-point displacement for a 
[0°/45°/ — 45°/90°] CCCC spherical panel by SFEM. 
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Figure 6.22: Sensitivity of the transverse mid point displacement for a 
[0745°/ - 45790°] CCCC spherical panel by SFEM. 











CHAPTER VII 


CONCLUDING REMARKS AND SUGGESTIONS FOR 
FUTURE STUDIES 


7.1 Introduction 

The relevance of the present study, background and general formulation has been 
discussed in Chapters I, II and III. Specific formulation, probabilistic analysis, results and 
discussion related to buckling, free and forced vibrations of composite laminates, cylindrical and 
spherical panels using stochastic classical approach and stochastic finite element method have 
been discussed in Chapters IV, V and VI. Conclusions particular to the specific problems have 
also been presented in these chapters. In this chapter, we present the main concluding remarks 
based on the results obtained along with suggestions for future studies. 


7.2 Concluding Remarks 

From the critical examination of the conclusions presented in the previous chapters it is 
observed that the effect of randomness in the material properties and excitation on the response 
of composite panels is a complex phenomena. It is not possible to predict the effect in an exact 
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sense as a large number of parameters are involved in the evaluation of the response statistics. 
Some of the main observations from the present study are: 

• The first order perturbation approximation is quite capable to capture complete 
system behavior for the class of problems investigated and for the range of variation 
in the input SD considered. 

• The study provides information regarding the need of the relative level of control 
required for the material properties during fabrication of laminated composite panels. 

• The dispersions in structural responses vary linearly with scatter in the material 
properties. 

• Classical laminate theory is not able to predict the response with sufficient accuracy 
even for thin laminates in the evaluation of probabilistic characteristics. 

• The behavior of scatter in responses using shear deformation theories is different for 
all edges simply supported, anti-symmetric and symmetric cross-ply laminates. 

• The longitudinal elastic modulus has been found to be the dominant material property 
for probabilistic analysis. However, in some of the cases, the shear modulii have also 
been found to be dominant. 

• The dispersion in responses is least affected with scatter in Poisson’s ratio. 

• The sensitivity of response dispersion to variation in material properties is different 
for different edge conditions, curvature to side ratio and side to thickness ratio. 

• In terms of buckling .load scatter, cylindrical panel is more sensitive compared to 
spherical panel against dispersion in material properties, while, the trend is reversed 
for inplane modulus. 
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• For SSSS cross-ply laminate, the fundamental mean frequency for anti-symmetric 
laminate is always lower than symmetric laminate. However, the relative values of 
the other natural frequencies depend on the thickness ratio, mode of vibration and 
modular ratio. 

• The natural frequencies show different sensitivity to randomness in different basic 
material properties. The dominant material property depends on the laminate 
construction, mode of vibration and geometrical parameters. 

• For SSSS panel, the fundamental frequency of spherical panel is more sensitive as 
compared to other panels considered. 

• At the start of motion in free vibration, the peak value of transverse displacement SD 
increases as time increases. The scatter in transverse displacement due to random 
excitation is large as compared to scatter due to randomness in material properties. 
Hence, very little confidence can be placed on the transverse displacement for free 
vibration, if material properties can not be obtained precisely. 

• Sensitivity of displacement statistics depends on the support conditions and the 
stacking sequence. 


7.3 Suggestions For Future Studies 

The present study is only 3. step towards understanding the structural response of 
laminated composite plates, cylindrical and spherical panels with random material properties 
subjected to deterministic as well as random loading. Therefore, there is enough scope to extend 
the present work. Some of the possible extensions are. 
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The system properties need to be modeled at the micro-mechanics level. With the 
help of this information, the material property statistics at the macro-level can be 
derived. 

The analysis should be extended to problems where geometric parameters and 
boundary conditions are uncertain. More realistic boundary conditions can be adopted 
for the study. 

A comprehensive study is needed to examine suitability of modeling of material 
properties as random field and random variable. 

The present study can be extended to include the effect of large deformations. 

Effect of hygrothermal behavior on the response. 


Effect of nonstationary excitation. 
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APPENDIX A 


DIFFERENTIAL OPERATORS 


A.l Plate 

Ai — A u A" + A 66 d 2 Mr > A2 — (Aj2 4* Agg )d^d 2 ) 

A3 = -c 2 [F u A 3 + (E U +2E 66 )d [ d2] + I 3 d : df ; 

A 4 ~ (5,1 — CjAl )^1 (5gg ~ ^ 2^66 )AT — A A" > 

A 5 [5, 2 ^"^66 “^ 2(^12 -^66 )]AA > A 22 — AggA " r ^22^2 A A" ’ 

A3 — _ c 2 [F 22 <i 2 + OA2 + 2F 66 )A 2 A] + AAA 2 > 

A 4 = A 5 » As = (A 2 ~ ( '2‘^22^2 ~^(^66 ~ t '2-^66^1 ~ AA » 

A3 = M^s -c,F 55 )-(A 55 -c t Z) 55 )]A 2 +[c t (^44 -c 1 F 44 )-(A 44 -c^HA 2 +c 2 2 [i/ u A 4 

+ (2H 12 +4/f 66 K 2 rf 2 2 +h 22 a 4 ]+AA 2 -aA(A 2 A 2 + A 2 A 2 ); 

A4 = [^i (Z) 55 — CjFjs) — (A 55 — Cj-D^)]^! — c 2 [(F u — c 2 H n )J I + [2F 66 ^ A2 
-c 2 (2H 66 +H l2 )]d x d 2 2 +I 5 d [ df; 

As = [ c i(-^44 C[F 44 ) — (A 44 — c 1 Z) 44 )]<i 2 — c 2 [(F 22 — c 2 H 22 )d 2 + [2F 66 + F 12 

- c 2 (2H 66 + h [2 )]d?d 2 ] + /> 2 a 2 ; 

A4 = c i ( 22*55 ~ c i As) - (As ^1 2 -^ 55 ) [ 2 ^ii — 2c 2 F n + c 2 // u ]A + [£A -2c 2 F 66 

+Af 66 ]a 2 -AA 2 ; 
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Appendix A: Differentia 7 Operators 


L 45 = [D l2 + D 66 - 2c, (F„_ + F 66 ) + c ; (//,, + H 66 )}d x d 2 ; 

L 55 = c, (£>44 - c,F 44 ) - (A 44 - c,£> 44 ) + [£>,, - 2c,F,, + c 2 H 22 ]d 2 + [D 66 - 2 c 2 F 66 
+c;_H 66 ]d?-r 4 dr, 

where c, = 4/h 2 , c 2 — c { / 3, dj =d‘ /dx‘j, d‘=d‘/dt‘. 

A.2 Cylindrical Panel: 

£[i — F A 6 & d 2 -I x d t , £ 12 = (A 12 A^d^d^ , 

£.3 = -c 2 [F,^, 3 + (F 12 + 2F 66 )< 7 ,F 2 ] + A 12 ^ / £ + 7 3 ^ 2 ; 

A4 =(^U ~ C 2 E ll )^\ +(£>66 ~ C 2 E 66^2 

£15 = C-®i2 + -^66 “ c 2 (^12 + £66 )Mi^2 > £22 = A i 6 d[ + A 22 d 2 - I'd 2 ; 

£ 23 = -c, [E 22 d 2 + (E a + 2F 66 )r7 2 A 2 ] + A 22 A, / £ + I 2 d 2 d ] ; 

£24 = £l 5 1 £25 = (£22 ^2 £"22 )^2 +(£66 ~ C 2 E 6 &)^\ 1 

£33 = l C l (£55 ~ C 1 £55 ) ~ (^55 _ C L £55 )Ml 2 + [ C 1 (£44 “ C \ £44 ) ~ (^44 “ C, £ 44 )M 2 

+ Cj + ( 2 H I2 + 477 66 )d x d 2 +H 22 d 2 ] - 2c 2 (E l 2 d 2 + F,, J, 2 ) / 7? - A 22 / 7? 2 + 7^; 

-c;I 7 (d?d;+d~d?y, 

£34 =^(D 55 - Ci F 55 )-(A 55 -c ,£> 55 )]^ 1 -c 2 [(F u -c 2 H n )d x +[ 2 F 66 + F l2 
-c 2 (277 66 + H n )]d x dl +[£ 12 / R — c 2 E l2 / R]d x +l 5 d { d*- 

£35 =[c 1 (£ 44 ^1 £44 ) ( A44 -^£>44)]^ -c 2 [(F 2 , -c 2 H 22 )d 2 + [2F 66 +F 12 

~c 2 ( 2 H 66 +H l 2 )]d?d 2 ]+[B 22 / R — c 2 E 22 /R]d 2 +r 5 d 2 df- 

£44 = C l (£ 5 5 £ £35 ) (^55 -C l£55) + [£ll -2 c,F u + c\H u 2 + [£> g6 

~2c 2 F 66 +c 2 H 66 ]d 2 -I 4 df; 

£45 = [£i2 +£66 ~2c, (F 12 + F 66 ) + c 2 (77 12 + H 66 )]d l d 2 ; 

£55 = c i (£44 ~ c i £44 ) “ (Am _ c i £44 ) + [£22 ~ 2c, F 22 + c, 2 77 22 ]< 7 2 
+ [£ 66 - 2c, F 66 + c;H 66 ]d 2 - 7> 2 ; ' 


(A-l) 


(A-2) 
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where c { = 4/h 2 , c 2 = c, / 3, d\ = 3‘/3.y', d‘=d i /dt‘. 

A3 Spherical Panel: 

L n = A U A + A 66 d/ 2 —I [ d t ; L l2 = (A 12 + A 66 )AA ; 

A 3 """^2 £Ai A + (£*i 2 + 2£' 66 )AA ] + A U A / +A l2 d { /R + I 2 d { d~] 

L [ 4 = (Al Al)A (Ad ~ C zAd)A “ A A* ’ 

A 5 = [*®12 ^ Ad ~ C 2 (A 2 + Ad)^ lA ’ Al = AdA~ + A3 2 — I[df \ 

A3 ””^2 [A22 A (A2 "h "■^' 66 ) A A ] Az A / i? + A^d 0 1 R + 1 3 r ~ i 
A 4 = A 5 As = ( A 2 ~ ^2 Az) A (Ad ~ ^2 Ad) A ~ A A » 

L 33 =[c t (D 55 — c t As ) — ( A 55 -c^sXIA +[c l (D 44 — CjF^) — (A 44 — CxAw^Az +c 2 [i^ u d 1 4 
+ (2 tf 12 + 4# 66 )AA 2 + ^22 A 4 ] - 2 c 2 CAz A 2 + A2A 2 ) / i? - 2 c 2 ( Ai A 2 + A2A 2 ) / * 

-(A u / a 2 +2a 12 //? i? + a 22 / a 2 )+ A A 2 - A A (A 2 A 2 + A 2 A 2 ); 

A4 = [^1 (As ~ As ) “* (As ^1 As )]A ^2 t(Ai “ c 2 Ai )A [ 2 Ad ^ A2 
-c 2 (2i/ 66 +H l2 )]AA 2+ tAi / ^ +A 2 /^ -c 2 (e u /r + e 12 /r )]A+AAA 2 ; 

As ~ [^1 (^44 “ ^ 44 ) ~~ (^44 “ ^ 1 -^44 )] A t( A 2 ~~ ^2 H 22 ) A [2 Ad A 2 

~c 2 (2^ 66 +/f l2 )]A 2 A] + [A2^ +A 2 /^ -c 2 (E X2 /R +E 22 /R )]d 2 +/5AA 2 ; 

L 44 = Cj (As ^ 1 As ) ““ ( As ““ c i As ) [Ai ~2c 2 Ai +c 2 Ai 1A‘ "^CAd -2c 2 Afi A H 66 ]d 2 
~A A 2 ; 

As == [A 2 Ad 2 c 2 (-F 12 + Ad ) (A 2 ^66 )1A A > 

As = ^1 (A 4 44 )““ (Aw c i 2 ^ 44 ) + [ 22>22 “ 2 c 2 F 22 + c 2 H 22 ]d 2 ^ ^ 

+ [Ad - 2 c 2 Ad + A h 66 jd/f - 7; A 2 ; 

where c, = 4 / /z 2 ,c 2 = c t / 3, dj~d l /dx l j, d l t ~d l Idt l . 




APPENDIX B 


STRAIN-DISPLACEMENT MATRIX 
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Appendix B: Strain Displacement Matrix 


B-2 Cylindrical Panel 
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B.3 Spherical Panel 
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where (p i Xj = d(p i /dx j ] j= 1,2. 



APPENDIX C 


DETAILS OF EQUATIONS (4.11) AND (4.12) 


C.l: Equation (4.11) 

Norml =(al5**2)*(a24**2)*a33-2.*al4*al5*a24*a25*a33 
+al4**2*a25**2*a33- 

2.*ai5**2*a23*a24*a34 + 2.*al4*al5*a23*a25*a34 + 

2.*al3*al5*a24*a25*a34 - 

2.*al3*al4*a25**2*a34 + al5**2*a22*a34**2 - 

2.*al2*al5*a25*a34**2+ 

al I*a25**2*a34**2 + 2.*al4*al5*a23*a24*a35 - 

2.*al3*al5*a24**2*a35- 

2.*al4**2*a23*a25*a35 + 2.*al3*al4*a24*a25*a35 - 
2.*al4*al5*a22*a34*a35 

Norm2=2.*al2*al5*a24*a34*a35 + 2.*al2*al4*a25*a34*a35 - 
2.*all*a24*a25*a34*a35 + 
al4**2*a22*a35**2 - 2.*al2*al4*a24*a35**2 + 
all*a24**2*a35**2 + 
al5**2*a23**2*a44 - 

2.*al3*al5*a23*a25*a44 + al3**2*a25**2*a44 - 
al5**2*a22*a33*a44+ 

2.*al2*al5*a25*a33*a44 - all*a25**2*a33*a44 + 
2.*al3*al5*a22*a35*a44 - 

2.*al2*al5*a23*a35*a44 - 2.*al2*al3*a25*a35*a44 + 
2.*al I*a23*a25*a35*a44 

Norai3= al2**2*a35**2*a44 - al 1*322*335**2*344 - 
2.*al4*al5*a23**2*a45 + 

2.*al3*al5*a23*a24*a45 + 2.*al3*al4*a23*a25*a45 - 
2.*al3**2*a24*a25*a45 + 

2.*al4*al5*a22*a33*a45 - 2.*al2*al5*a24*a33*a45 
2.*al2*al4*a25*a33*a45 + 

2.*all*a24*a25*a33*a45 - 2.*al3*al5*a22*a34*a45 + 
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Appendix C: Details ofEquations (4.11) and (4.12) 


2.*al2*al5*a23*a34*a45 + 

2.*al2*al3*a25*a34*a45 - 2.*al I*a23*a25*a34*a45 - 
2.*al3*al4*a22*a35*a45 


Norm4= 2.*al2*al4*a23*a35*a45+ 

2.*al2*al3*a24*a35*a45- 
2.*al I*a23*a24*a35*a45- 

2.*al2**2*a34*a35*a45+2.*all*a22*a34*a35*a45+ 
al3**2* a.22*a.45**2- 

2.*al2*al3*a23*a45**2+all*a23**2*a45**2+ 

a 22**2*a33*a45**2- 

all*a22*a33*a45**2+al4**2*a23**2*a55- 

2.*al3*al4*a23*a24*a55+al3**2*a24**2*a55- 

al4**2*a22*a33*a55+2.*al2*al4*a24*a33*a55 

Norm5=-all*a24**2*a33*a55 + 2*al3*al4*a22*a34*a55 
-2.*al2*al4*a23*a34*a55- 

-2*al2*al3*a24*a34*a55 + 2.*all*a23*a24*a34*a55 + 
al2**2*a34**2*a55 - 

al I*a22*a34**2*a55 - al3**2*a22*a44*a55 + 

2.*al2*al3*a23*a44*a55- 
all*a23**2*a44*a55 - al2**2*a33*a44*a55 + 
all*a22*a33*a44*a55 

z = -(- 315**2*324**2 + 2*al4*al5*a24*a25 - 
al4**2*a25**2 + 

al5**2*a22*a44 - 2*al2*al5*a25*a44 + 
all*a25**2*a44 - 

2*al4*al5*a22*a4 5 + 2*al2*al5*a24*a4 5 + 

2*al2*al4*a25*a45- 
2*all*a24*a25*a45 - al2**2*a45**2 + 
all*a22*a45**2 

+al4**2*a22*a55- 2*al2*al4*a24*a 55 + 
all*a24**2*a55 +al2**2*a44*a 55 - 
al I*a22*a44*a55) 

s=(Norm 1 +Norm2+Norm3+Norm4+norm5 )/z 

If N = N and N x =N =0, then 
s = s/a 2 

N C r 

If N X2 =N cr andN Xi = = 0 , then 

s = s/ P 2 

N cr = ■S 

where my = and a and ft are wavelength parameters defined in Equation (4.2). 
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C.2: Equation (4.12) 


Yl=a25**2*a34**2*bll - 2*a24*a25*a34*a35*bll + a24**2*a35**2*bll 

- a25**2*a33*a44*bll + 2*a23*a25*a35*a44*bll - a22*a35**2*a44*bll 
2*a24*a25*a33*a45*bll - 2*a23*a25*a34*a45*bll - 

2*a23*a24*a35*a45*bl 1 + 

2*a22*a34*a35*a45*bll + a23**2*a45**2*bll - 
a22*a33*a45**2*bl 1 - 

a 24**2*a33*a55*bll + 2*a23*a24*a34*a55*bll 

Y2=-a22*a34**2*a55*bll - 

a23**2*a44*a55*bl 1 + a22*a33*a44*a55*bll - 
2*al5*a25*a34**2*bl2 + 

2*al5*a24*a34*a35*bl2 + 2*al4*a25*a34*a35*bl2 - 
2*al4*a24*a35**2*bl2 +2*al5*a25*a33*a44*bl2 

- 2*al5*a23*a35*a44*bl2 -2*al3*a25*a35*a44*bl2 + 
2*al2*a35**2*a44*bl2 - 2*al5*a24*a33*a45*bl2 - 
2*al4*a25*a33*a45*bl2 + 

2*al5*a23*a34*a45*bl2 + 2*al3*a25*a34*a45*bl2 

Y3= 2*al4*a23*a35*a45*bl2 + 

2*al3*a24*a35*a45*bl2 - 4*al2*a34*a35*a45*bl2 - 
2*al3*a23*a45**2*bl2 + 

2*al2*a33*a45**2*bl2 + 2*al4*a24*a33*a55*bl2 - 
2*al4*a23*a34*a55*bl2 - 

2*al3*a24*a34*a55*bl2 + 2*al2*a34**2*a55*bl2 + 
2*al3*a23*a44*a55*bl2 -2*al2*a33*a44*a55*bl2 + 
2*al5*a24*a25*a34*bl3 - 2*al4*a25**2*a34*bl3 
-2*al5*a24**2*a35*bl3+2*al4*a24*a25*a35*bl3 

Y4= - 2*al5*a23*a25*a44*bl3 + 2*al3*a25**2*a44*bl3 + 
2*al5*a22*a35*a44*bl3 - 2*al2*a25*a35*a44*bl3 + 
2*al5*a23*a24*a45*bl3 + 

2*al4*a23*a25*a45*bl3 - 4*al3*a24*a25*a45*bl3 - 
2*al5*a22*a34*a45*bl3 + 

2*al2*a25*a34*a45*bl3 - 2*al4*a22*a35*a45*bl3 + 
2*al2*a24*a35*a45*bl3 + 

2*al3*a22*a45**2*bl3 - 2*al2*a23*a45**2*bl3 
-2*al4*a23*a24*a55*bl3+ 2*al3*a24**2*a55*bl3 

Y5= 2*al4*a22*a34*a55*bl3 - 2*al2*a24*a34*a55*bl3 - 
2*al3*a22*a44*a55*bl3 + 2*al2*a23*a44*a55*bl3 
- 2*al5*a24*a25*a33*bl4 
+ 2*al4*a25**2*a33*bl4 + 

2*al5*a23*a25*a34*bl4 - 2*al3*a25**2*a34*bl4 + 
2*al5*a23*a24*a35*bl4 - 

4*al4*a23*a25*a35*bl4 + 2*al3*a24*a25*a35*bl4 - 
2*al5*a22*a34*a35*bl4 + 

2*al2*a25*a34*a35*bl4 + 2*al4*a22*a35**2*bl4 
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Y6= - 2*al2*a24*a35**2*bl4- 2*al5*a23**2*a45*bl4 
+ 2*al3*a23*a25*a45*bl4 + 2*al5*a22*a33*a45*bl4 - 
2*al2*a25*a33*a45*bl4 - 2*al3*a22*a35*a45*bl4 + 
2*al2*a23*a35*a45*bl4 + 

2*al4*a23**2*a55*bl4 - 2*al3*a23*a24*a55*bl4 - 
2*al4*a22*a33*a55*bl4 + 

2*al2*a24*a33*a55*bl4 + 2*al3*a22*a34*a55*bl4 - 
2*al2*a23*a34*a55*bl4 + 

2*al5*a24**2*a33*bl5 - 2*al4*a24*a25*a33*bl5 

Y7=-4*al5*a23*a24*a34*bl5 + 2*al4*a23*a25*a34*bl5 + 
2*al3*a24*a25*a34*bl5 + 

2*al5*a22*a34**2*bl5 - 2*al2*a25*a34**2*bl5 
+ 2*al4*a23*a24*a35*bl5- 
2*al3*a24**2*a35*bl5 - 2*al4*a22*a34*a35*bl5 + 
2*al2*a24*a34*a35*bl5 + 

2*al5*a23**2*a44*bl5 - 2*al3*a23*a25*a44*bl5 - 
2*al5*a22*a33*a44*bl5 

Y8= 2*al2*a25*a33*a44*bl5 + 2*al3*a22*a35*a44*bl5 - 
2*al2*a23*a35*a44*bl5 - 

2*al4*a23**2*a45*bl5 + 2*al3*a23*a24*a45*bl5 + 
2*al4*a22*a33*a45*bl5 - 

2*al2*a24*a33*a45*bl5 - 2*al3*a22*a34*a45*bl5 + 
2*al2*a23*a34*a45*bl5 

+ al5**2*a34**2*b22 - 2*al4*al5*a34*a35*b22 + 
al4**2*a35**2*b22 - al5**2*a33*a44*b22 

Y9= 2*al3*al5*a35*a44*b22 - 

all*a35**2*a44*b22 + 2*al4*al5*a33*a45*b22 
- 2*al3*al5*a34*a45*b22- 

2*al3*al4*a35*a45*b22 + 2*all*a34*a35*a45*b22 + 
al3**2*a45**2*b22 - 

al I*a33*a45**2*b22 - al4**2*a33*a55*b22 + 
2*al3*al4*a34*a55*b22 - 
al I*a34**2*a55*b22 - al3**2*a44*a55*b22 + 
all*a33*a44*a55*b22 

Y10= - 2*al5**2*a24*a34*b23 + 

2*al4*al5*a25*a34*b23 + 2*al4*al5*a24*a35*b23 - 
2*al4**2*a25*a35*b23+ 

2*al5**2*a23*a44*b23 - 2*al3*al5*a25*a44*b23 - 
2*al2*al5*a35*a44*b23 + 

2*all*a25*a35*a44*b23 - 4*al4*al5*a23*a45*b23 + 
2*al3*al5*a24*a45*b23 + 

2*al3*al4*a25*a45*b23 + 2*al2*al5*a34*a45*b23 - 
2*a 1 1 * a25 * a34* a45 *b23 

Y1 I=2*al2*al4*a35*a45*b23 - 2*al I*a24*a35*a45*b23 - 
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2*al2*al3*a45**2*b23 + 

+ 2*al I*a23*a45**2*b23 + 2*al4**2*a23*a55*b23 

- 2*al3*al4*a24*a55*b23- 

2*al2*al4*a34*a55*b23 + 2*all*a24*a34*a55*b23 + 
2*al2*al3*a44*a55*b23 - 
2*al I*a23*a44*a55*b23 

Y12=+ 2*al5**2*a24*a33*b24 - 2*al4*al5*a25*a33*b24 - 
2*al5**2*a23*a34*b24 + 2*al3*al5*a25*a34*b24 + 
2*al4*al5*a23*a35*b24 - 

4*al3*al5*a24*a35*b24 + 2*al3*al4*a25*a35*b24 + 
2*al2*al5*a34*a35*b24 

Y13= -2*all*a25*a34*a35*b24 

- 2*al2*al4*a35**2*b24+ 

2*al I*a24*a35**2*b24+ 

2*al3*al5*a23*a45*b24 - 2*al3 **2*a25*a45*b24 - 
2*al2*al5*a33*a45*b24 + 

2*all*a25*a33*a45*b24 + 2*al2*al3*a35*a45*b24 - 
2*al I*a23*a35*a45*b24 - 
2*al3*al4*a23*a55*b24 + 2*al3**2*a24*a55*b24 

Y14=2*al2*al4*a33*a55*b24 - 

2*al I*a24*a33*a55*b24 - 2*al2*al3*a34*a55*b24 + 
2*al I*a23*a34*a55*b24 

- 2*al4*al5*a24*a33*b25 + 2*al4**2*a25*a33*b25 + 
2*al4*al5*a23*a34*b25 + 2*al3*al5*a24*a34*b25 - 
4*al3*al4*a25*a34*b25 - 
2*al2*al5*a34**2*b25 + 2*all*a25*a34**2*b25 

- 2*al4**2*a23*a35*b25+ 

2*al3*al4*a24*a35*b25 + 2*al2*al4*a34*a35*b25 

Y15=-2*al I*a24*a34*a35*b25 - 

2*al3*al5*a23*a44*b25 + 2*al3**2*a25*a44*b25 + 
2*al2*al5*a33*a44*b25 - 

2*al I*a25*a33*a44*b25 - 2*al2*al3*a35*a44*b25 + 
2*all*a23*a35*a44*b25 + 

2*al3*al4*a23*a45*b25 - 2*al3**2*a24*a45*b25 - 
2*al2*al4*a33*a45*b25 + 

2*all*a24*a33*a45*b25 + 2*al2*al3*a34*a45*b25 

Y16=-2*all*a23*a34*a45*b25 
+ a l5**2*a24**2*b33 - 

2*al4*al5*a24*a25*b33 + al4**2*a25**2*b33 - 
al5**2*a22*a44*b33 + 

2*al2*al5*a25*a44*b33 - all*a25**2*a44*b33 
+ 2*al4*al5*a22*a45*b33- 

2*al2*al5*a24*a45*b33 - 2*al2*al4*a25*a45*b33 + 

O*o1 1 4- 
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Appendix C: Detente ofEguMions (4.11) and (4.12) 


a 12**2*345**2*533 - all*a22*a45**2*b33 - 
al4**2*a22*a55*b33 

Y17=2*al2*al4*a24*a55*b33 - all*a24**2*a55*b33 - 
a l2**2*a44*a55*b33 + 
al I*a22*a44*a55*b33 
- 2*al5**2*a23*a24*b34 + 

2*al4*al5*a23*a25*b34 + 2*al3*al5*a24*a25*b34 - 
2*al3*al4*a25**2*b34 + 

2*al5**2*a22*a34*b34 - 4*al2*al5*a25*a34*b34 
+2*al I*a25**2*a34*b34- 

2*al4*al5*a22*a35*b34 + 2*al2*al5*a24*a35*b34 + 
2*al2*al4*a25*a35*b34 

Y18=-2*all*a24*a25*a35*b34 - 2*al3*al5*a22*a45*b34 + 
2*al2*al5*a23*a45*b34 + 

2*al2*al3*a25*a45*b34 - 2*all*a23*a25*a45*b34 - 
2*al2**2*a35*a45*b34 + 

2*all*a22*a35*a45*b34 + 2*al3*al4*a22*a55*b34 - 
2*al2*al4*a23*a55*b34 - 

2*al2*al3*a24*a55*b34 + 2*all*a23*a24*a55*b34 + 
2*al2**2*a34*a55*b34 - 
2*all*a22*a34*a55*b34 

Y19=2*al4*al5*a23*a24*b35 - 2*al3*al5*a24**2*b35 - 
2*al4**2*a23*a25*b35 + 2*al3*al4*a24*a25*b35 - 
2*al4*al5*a22*a34*b35 + 

2*al2*al5*a24*a34*b35 + 2*al2*al4*a25*a34*b35 - 
2*all*a24*a25*a34*b35 + 

2*al4**2*a22*a35*b35 - 4*al2*al4*a24*a35*b35 + 
2*all*a24**2*a35*b35+ 

2*al3*al5*a22*a44*b35 - 2*al2*al5*a23*a44*b35 

Y20=-2*al2*al3*a25*a44*b35 + 

2*all*a23*a25*a44*b35 + 2*al2**2*a35*a44*b35 - 
2*all*a22*a35*a44*b35 - 

2*al3*al4*a22*a45*b35 + 2*al2*al4*a23*a45*b35 + 
2*al2*al3*a24*a45*b35 - 

2*all*a23*a24*a45*b35 - 2*al2**2*a34*a45*b35 + 
2*all*a22*a34*a45*b35 
+ a!5**2*a23**2*b44 


Y21=-2*al3*al5*a23*a25*b44 + al3**2*a25**2*b44 - 
al5**2*a22*a33*b44 + 

2*al2*al5*a25*a33*b44 - all*a25**2*a33*b44 + 
2*al3*al5*a22*a35*b44- 

2*al2*al5*a23*a35*b44 - 2*al2*al3*a25*a35*b44 + 
2*al 1 *a23*a25*a35*b44 + 
al2**2*a35**2*b44 - al I*a22*a35**2*b44 - 
al3**2*a22*a55*b44 + 
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2*al2*al3*a23*a55*b44 - al I*a23**2*a55*b44 

Y22=- al2**2*a33*a55*b44 + 
al I*a22*a33*a55*b44- 

2*al4*al5*a23**2*b45 + 2*al3*al5*a23*a24*b45 + 
2*al3*al4*a23*a25*b45 - 
2*al3**2*a24*a25*b45 + 2*al4*al5*a22*a33*b45 - 
2*al2*al5*a24*a33*b45 - 

2*al2*al4*a25*a33*b45 + 2*al I*a24*a25*a33*b45 - 
2*al3*al5*a22*a34*b45 

Y23= 2*al2*al5*a23*a34*b45 + 2*al2*al3*a25*a34*b45 - 
2*all*a23*a25*a34*b45 - 

2*al3*al4*a22*a35*b45 + 2*al2*al4*a23*a35*b45 + 
2*al2*al3*a24*a35*b45 - 

2*all*a23*a24*a35*b45 - 2*al2**2*a34*a35*b45 + 
2*all*a22*a34*a35*b45 + 

2*al3**2*a22*a45*b45 - 4*al2*al3*a23*a45*b45 + 
2*all*a23**2*a45*b45 

Y24=2*al2**2*a33*a45*b45 - 2*all*a22*a33*a45*b45 
+ al4**2*a23**2*b55 - 

2*al3*al4*a23*a24*b55 + al3**2*a24**2*b55 
- al4**2*a22*a33*b55 + 

2*al2*al4*a24*a33*b55 - all*a24**2*a33*b55 + 
2*al3*al4*a22*a34*b55- 

2*al2*al4*a23*a34*b55 - 2*al2*al3*a24*a34*b55 + 
2*all*a23*a24*a34*b55 + 
al2**2*a34**2*b55 - all*a22*a34**2*b55 


Y25=- al3**2*a22*a44*b55 + 

2*al2*al3*a23*a44*b55 - all*a23**2*a44*b55 - 
al2**2*a33*a44*b55 + 
all*a22*a33*a44*b55 

Z= -(-al5**2*a24**2+2*al4*al5*a24*a25- 
314 ** 2 * 325**2 + 

al5**2*a22*a44 - 2*al2*al5*a25*a44 + 
all*a25**2*a44 - 

2*al4*al5*a22*a45 + 2*al2*al5*a24*a45 + 
2*al2*al4*a25*a45 - 2*all*a24*a25*a45 - 
+ al2**2*a45**2 + 
al I*a22*a45**2+al4**2*a22*a55 - 
2*al2*al4*a24*a55 + all*a24**2*a55 + 
al2**2*a44*a55 -all*a22*a44*a55) 

Y26= a25**2*a44*bll*s - 2*a24*a25*a45*bll*s + 
a22*a45**2*bl l*s + a24**2*a55*bl l*s - 
a22*a44*a55*bll*s - 
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2*al5*a25*a44*bl2*s + 2*al5*a24*a45*bl2*s + 

2*al4*a25*a45*bl2*s - 

2*al2*a45**2*bl2*s - 2*al4*a24*a55*bl2*s + 

2*al2*a44*a55*bl2*s 

+ 2*al5*a24*a25*bl4*s - 2*al4*a25**2*bl4*s - 
2*al5*a22*a45*bl4*s + 2*al2*a25*a45*bl4*s 


Y27= 2*al4*a22*a55*bl4*s - 

2*al2*a24*a55*bl4*s - 2*al5*a24**2*bl5*s + 
2*al4*a24*a25*bl5*s + 

2*al5*a22*a44*bl5*s - 2*al2*a25*a44*bl5*s - 
2*al4*a22*a45*bl5*s + 

2*al2*a24*a45*bl5*s + al5**2*a44*b22*s - 
2*al4*al5*a45*b22*s + 
all *a45**2*b22*s 

Y28= al4**2*a55*b22*s - all*a44*a55*b22*s - 
2*al5**2*a24*b24*s + 

2*al4*al5*a25*b24*s + 

2*al2*al5*a45*b24*s - 2*all*a25*a45*b24*s - 
2*al2*al4*a55*b24*s + 

2*all*a24*a55*b24*s + 2*al4*al5*a24*b25*s - 
2*al4**2*a25*b25*s - 2*al2*al5*a44*b25*s + 
2*all*a25*a44*b25*s 

Y29=2*al2*al4*a45*b25*s-2*all*a24*a45*b25*s+ 
al5**2*a22*b44*s - 
2*al2*al5*a25*b44*s + 
all*a25**2*b44*s + 

al2**2*a55*b44*s - all*a22*a55*b44’ f: s - 
2*al4*al5*a22*b45*s 
+ 2*al2*al5*a24*b45*s + 

2*al2*al4*a25*b45*s - 2*all*a24*a25*b45*s 

Y30=- 2*al2**2*a45*b45*s +2*all*a22*a45*b45*s+al4**2*a22*b55*s 
-2*al2*al4*a24*b55*s+all*a24**2*b55*s +al2**2*a44*b55*s 
- all*a22*a44*b55*s 

r 1 = Y 1 + Y 2+ Y 3 + Y4+ Y 5+ Y 6+ Y7+ Y 8+Y9+Y10 
r2=Yll+Y12+Y13+Y14+Y15+Y16+Y17+Y18 
r3=Y19+Y 20+ Y 2 1 + Y 22+ Y 23+ Y 24+ Y 25 + Y26 
r4=Y27+Y28+Y29+Y30 
r=(r 1 +r2+r3 +r4)/Z 

If N Xt = N cr and N X2 = = 0, then N r cr =r/cc 2 

If N X2 = N cr and N Xi = N X[Xi =0, then N r cr =r/f3 2 
where aij = d tj and bij = a~ and s as defined in C. 1. 



